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Abstract. This is the first in a series of papers which analyze the problem of quantiz¬ 
ing the theory coupling Kodaira-Spencer gravity (or BCOV theory) and holomorphic 
Chern-Simons on Calabi-Yau manifolds using the formalism for perturbative QET de¬ 
veloped by the first author. In this paper, we focus on flat space C‘^ for d odd. We 
prove that there exists a imique quantization of the theory coupling BCOV theory and 
holomorphic Chern-Simons theory with gauge group the supergroup GL(N \ N). We 
deduce a canonically defined quantization of BCOV theory on its own. 

We also discuss some conjectural links between BCOV theory in various dimen¬ 
sions and twists of physical theories: in complex dimension 3 we conjecture a relation¬ 
ship to twists of (1,0) supersymmetric theories and in complex dimension 5 to a twist 
of type IIB supergravity. 
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1. Introduction 

The Kodaira-Spencer theory of gravity was introduced by Bershadsky, Cecotti, Ooguri 
and Vafa [BCOV94] as the closed string field theory corresponding to the B-twisted 
topological string theory. In the original formulation, BCOV theory (as we call it) is a 
field theory defined on a Calabi-Yau manifold of dimension 3. In [CL12], we formu¬ 
lated BCOV theory on a Calabi-Yau manifold of any dimension. 

In [BCOV94], the problem of constructing a perturbative quantization of BCOV 
theory is left open. After all, BCOV theory is a 6-dimensional, interacting, and non- 
renormalizable theory. One therefore expects the theory to have an infinite number of 
counter-terms, and therefore an infinite number of coupling constants. 

In fact, there is an even more serious potential problem: as one proceeds in the loop 
expansion, there are infinitely many potential anomalies to quantization. So it is not 
at all obvious that any quantum theory even exists. 

One of the main properties of quantum field theory is locality, which allows us to 
build up the whole quantum theory from local data on the underlying manifold. In 
this paper, we analyze the problem of specifying a canonically-defined quantization 
of BCOV theory on a local piece of odd dimensional Calabi-Yau manifold, i.e., a flat 
space C'^ for any odd d. We do this by considering the coupling of BCOV theory 
to holomorphic Chern-Simons theory. Holomorphic Chern-Simons is the open-string 
field theory for the topological B-model, and was introduced by Witten [Wit92]. We 
can call the coupled theory open-closed BCOV theory. The precise theorem is the 
following. 

Theorem. On C‘^ for d odd, there exists a unique perturbative quantization of open-closed 
BCOV theory, where in the open sector the gauge Lie algebra is the super Lie algebra gl{N \ 
N), and we require the quantization to be compatible with inclusions qI{N \ N) ^ gl{N -\-k \ 

N + k). 
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In other words, we construct a canonical quantization of coupling BCOV theory 
with large N holomorphic Chern-Simons theory (with gauge group gl{N \ N)). In 
particular, one gets a quantization of the purely closed theory (Roughly speaking, 
this is for the same reason that closed string theory can exist on its own but that open 
string theory requires closed strings). As a corollary, we find 

Corollary. There is a canonical quantum BCOV theory on C‘^ (for d odd) which extends to a 
quantization of the coupled open-closed theory. 

In other words, all the infinitely many possible counter-terms that can appear be¬ 
cause the theory is non-renormalizable are uniquely fixed by the requirement of com- 
patability with holomorphic Chern-Simons. 

Some comments are in order: 


(1) It is not possible to quantize holomorphic Chern-Simons theory by itself with¬ 
out coupling to the closed-string field theory. There is a one-loop anomaly 
in holomorphic Chern-Simons theory which is cancelled by the closed string 
sector. 

(2) It is not possible to quantize the coupled open-closed theory where on the open 
sector we use the Lie algebra g[(N) as our gauge Lie algebra, because of a one- 
loop anomaly. 

(3) There is a variant of this story (in 3 complex dimensions) which works for 
holomorphic Chern-Simons theory where the Lie algebra of the gauge group 
is s[(N I N). In this case, to cancel the anomaly, we need to use a variant of 
BCOV theory which we call (1,0) BCOV theory. The terminology is because 
of a conjectural relationship with the (1,0) tensor multiplet in 6 dimensions, 
which is similar to a relationship studied in the literature between BCOV the¬ 
ory and the (2,0) tensor multiplet. We construct a unique quantization of the 
system coupling (1,0) BCOV theory to s[(N | N) holomorphic Chern-Simons 
theory, not just on C^ but on a variety of non-compact Calabi-Yaus. 


The theorem is proved using the obstruction theory methods developed in [Cosll] 
for perturbative quantization. For any quantum field theory, there is a cocharn com¬ 
plex (built from possible Lagrangians) whose describes possible deformations of 
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the theory, and whose describes anomalies, which are obstructions to quantiza¬ 
tion. For a renormalizable theory, one needs only consider a scale-invariant subcom¬ 
plex of this obstruction-deformation complex, which will typically have finite dimen¬ 
sional cohomology groups. In this case, is the space of marginal deformations, 
which is typically finite dimensional, and the finite dimensionality of indicates 
that there are only finitely many possible anomalies. For a non-renormalizable the¬ 
ory, the scale invariance argument does not apply, and and are both typically 
infinite-dimensional. 

For BCOV theory on its own, or holomorphic Chern-Simons on its own, this is what 
we find. However, for the coupled open-closed BCOV theory, we find a remarkable 
cancellation: beyond one loop, the obstruction-deformation complex for the coupled 
theory has zero cohomology. Potential obstructions and deformations for the closed- 
string sector are precisely cancelled by obstructions and deformations from the mixed 
sectors and from the purely open sector. We will explain the heuristics of this argu¬ 
ment in more detail later in the introduction. 

At one loop, we have to perform a detailed calculation to verify that a possible 
anomaly is cancelled. This cancellation is very similar to the Green-Schwartz mecha¬ 
nism for anomaly cancellation. 


1.1. Relationship to string theory. Before discussing the proof in detail, we will ex¬ 
plain a little about how this result relates to ideas from string theory, and in particular 
explain a conjectural framework relating our open-closed BCOV theory in 6 real di¬ 
mensions to certain field theories of current interest in physics (see [GT14] and the 
references therein). 

BCOV theory on is the closed-string field theory for the topological B-model in 
three complex dimensions. That is, the fields of BCOV theory are the (S^-equivariant) 
closed-string states of the topological B-model, and the classical BCOV action func¬ 
tional can be described in terms of genus zero correlation functions of the B-model. 

The yoga of string theory tells us that for any string theory, one can construct a 
gravity theory as the low-energy limit of the closed-string field theory. For example, 
type IIB supergravity is supposed to arise in this way from type IIB string theory. This 
gravity theory will, of course, be non-renormalizable, and will have infinitely many 
coupling constants and infinitely many possible anomalies. However, the low energy 
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limit of string theory is supposed to provide a canonically defined quantization of this 
non-renormalizable theory, which is why string theory can produce a quantum theory 
of gravity 

BCOV theory fits into this framework. It is a non-renormalizable theory of gravi¬ 
tational type (gravitational, because the fields of BCOV theory describe fluctuations 
of the complex structure of a Calabi-Yau, hence the Calabi-Yau metric). However, the 
yoga of string theory tells us that the topological string should provide a canonically 
defined quantization. This has not been rigorously proven: although categorical meth¬ 
ods [KS06, Cos07, Lur09] can provide a rigorous theory of the topological B-model, it 
is not known how to use these methods to produce something satisfying the locality 
axioms of a quantum field theory. 

What this paper achieves is to produce the canonically-defined quantization of 
BCOV theory that one expects from string theory yoga, but without using topological 
string theory. Although our methods are inspired by string theory, we do not use the 
string world-sheet at all. We find that a simple compatibility between BCOV theory 
and holomorphic Chern-Simons theory is enough to fix the quantization uniquely. 

One can hope that our methods apply beyond topological strings, and give a new 
approach to quantizing other string theories. We hope to investigate this in future 
publications. 

1.2. Twisted supergravity. One point at which our work connects directly to string 
theory is via the following conjecture. 

Conjecture. BCOV theory on C^ is a twist of type IIB supergravity theory on 

This conjecture will be explored in more detail in other publications. 

The concept of twisted supergravity is a slightly subtle one, and we will discuss it 
in more detail elsewhere. For now, let us explain the main idea. Any supergravity the¬ 
ory has gauged local supersymmetry. To quantize the theory, one introduces Fadeev- 
Popov ghosts corresponding to local supersymmetries. The ghosts for fermionic sym¬ 
metries will be bosonic fields. 

Twisted supergravity is simply supergravity in perturbation theory around an un¬ 
usual background, where the bosonic ghost field has some non-zero value. To satisfy 
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the equations of motion, this bosonic ghost field must be a (generalized) Killing spinor 
and have square zero. One reason for using the terminology "twisted supergravity" is 
that, if we consider a supersymmetric field theory in a supergravity background where 
the bosonic ghost field takes value some supercharge Q, this has the same effect as re¬ 
placing the observables of the supersymmetric field theory by their Q-cohomology 
This procedure is often called twisting^. 

Different choices of bosonic ghost field give us different twists of supergravity 
We need to describe which particular twist of type IIB supergravity we conjecture 
is equivalent to BCOV theory on C^. In type IIB supergravity in the flat Minkowski 
background, where all other bosonic fields are zero, there are 32 covariant constant 
spinors. There is a unique SU{5) invariant spinor Q which is of weight one under the 
"naive" R-symmetry group SO(2). The twisted supergravity we have in mind is the 
one where the bosonic ghost field takes value Q. 

If one accepts this conjecture, then the results of this paper give us a new method to 
quantize part of type IIB supergravity. 

The open-string analog of the twist we consider was analyzed by Baulieu [BaulO], 
who showed that 5-complex dimensional holomorphic Chern-Simons is the holomor- 
phic twist of 10-dimensional maximally supersymmetric gauge theory. It is therefore 
natural to conjecture that the coupled open-closed BCOV theory we construct is the 
holomorphic twist of the theory coupling type IIB supergravity with the maximally 
supersymmetric 10 dimensional gauge theory with gauge Lie algebra gl(N | N). 

In fact, Baulieu's result gives some strong evidence for the conjeture that BCOV 
theory is a twist of type IIB supergravity. As we will see shortly, the fields of BCOV 
theory with the linearized BRST operator are the universal cochain complex which can 
couple to holomorphic Chern-Simons by single-trace operators. At the classical level, 
type IIB supergravity can be coupled to maximally supersymmetric gauge theory in 
10 dimensions, which is the gauge theory living on the D9 brane, and this coupling 
is by single-trace operators. This implies that twisted type IIB supergravity can be 


^Or more precisely, adding Q to the BRST operator of the theory 

^More properly, in the terminology of Witten, twisting involves both changing the action of the 
Lorentz group on the space of fields and then adding such a Q to the BRST operator. It is often use¬ 
ful to use the term twisting for the more general procedure where one simply adds a supercharge to the 
BRST operator. 
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coupled to the twisted 10 dimensional gauge theory, which is holomorphic Chern- 
Simons. Since BCOV theory is the universal object admitting such a coupling, we find 
in this way a cochain map from the fields of twisted supergravity (equipped with the 
linearized BRST operator) to those of BCOV theory 


1.3. Relation to 6 dimensional theories with (1,0) supersymmetry. There is a conjec¬ 
tural relationship between open-closed BCOV theory and certain 6-dimensional field 
theories constructed from branes in type IIA string theory and in M-theory. The (1,0) 
supersymmetry algebra in 6 dimensions has a unique SLf (3)-invariant supercharge Q, 
up to rotation by the R-symmetry group. Taking the cohomology with respect to such 
a Q gives a twist of any (1,0) supersymmetric field theory. This twist is holomorphic 
in the sense discussed in [Cosl3]. 

The following conjecture grew out of conversations with Davide Gaiotto. 

Conjecture. Consider the following system of branes in type IIA string theory on We 
have a single NS5 brane on C R^°, where the R^ is the locus where xg,..., xg are zero. 
We have k semi-infinite D6 branes spanning the half space where X5 > 0, X7, xg, xg = 0, and 
k semi-infinite D6 branes spanning the opposite half-space where Xg < 0, X7, Xg, xg = 0. 

On the world-volume for the NS5 brane in this configuration is a theory with (1,0) super- 
symmetry. The conjecture is that the holomorphic twist of this theory is open-closed BCOV 
theory where the Lie algebra of the gauge group for the open sector is Ql{k \ k). 

Let us discuss the evidence for this conjecture. Let us first discuss the case /c = 0, in 
which case the conjecture relates BCOV theory to the theory living on the NS5 brane. 

The fields of the NS5 brane theory form a single tensor multiplet with (2,0) super- 
symmetry. One of the fields of BCOV theory is a closed (2,1) form, which one expects 
to identify with 9 of the 10 components of the self dual 3-form of the free (2,0) tensor 
multiplet. Marino, Minasian, Moore and Strominger argued in [MMMS99] that the su¬ 
persymmetric equations of motion of the M5 brane theory on a Calabi-Yau manifold 
include the Kodaira-Spencer equations which are the equations of motion of BCOV 
theory. Kapustin also argued [Kap04] that the partition function of the type IIA NS5 
brane theory is the same as the partition function of the topological B-model, i.e. of 
BCOV theory. 
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This provides some evidence in the case k = 0. For the more general case, one needs 
to understand a relationship between the D 6 brane gauge theory and holomorphic 
Chern-Simons, which we will sketch without proof (and hopefully return to in a future 
publication). The claim is that there is a certain supercharge Q in the supersymmetry 
algebra acting on the D 6 brane gauge theory, which is SLf (3)-invariant and also has the 
feature that every translation is Q-exact. Up to rotation by the R-symmetry group and 
scaling, these two features fix Q uniquely The Q-cohomology of the D 6 brane gauge 
theory is then a topological theory in the weak sense that the operators corresponding 
to translation in space time are trivial. The claim is that this twisted 7d theory has a 
non-topological boundary condition where holomorphic Chern-Simons theory lives 
on the boundary. 

From this claim, it is easy to imagine how gl(k | k) holomorphic Chern-Simons 
theory arises. One collection of D 6 branes will contribute 0 [(A:) holomorphic Chern- 
Simons theory living on the boundary, which is the NS5 brane. The other collection 
of k D 6 branes will also contribute 0 l(k) holomorphic Chern-Simons, but with the op¬ 
posite level. Strings connecting the two collections of D 6 branes give bi-fundamental 
matter, which when twisted become the fields of holomorphic Chern-Simons corre¬ 
sponding to the odd elements of the Lie algebra Ql{k \ k). 

This conjecture is in a sense T-dual to a result of Mikhalyov and Witten [MW14]. 
They considered a configuration of branes in type IIB consisting of 2k D3 branes end¬ 
ing on a 3-manifold living inside an NS5 brane, with k D3 branes coming from each 
side. In this situation, they showed that after Q-cohomology for a certain supercharge 
Q, the theory living on the 3-manifold is ordinary Chern-Simons theory for the group 
GL{k I k). 

If one applies T-duality to 3 of the 6 directions of the IIA NS5 brane in our situation, 
the D 6 branes are converted into D3 branes and one goes from our situation to theirs. 

To understand the link between the work of Mikhalyov and Witten and our conjec¬ 
ture, one needs to understand why holomorphic Chern-Simons and ordinary Chern- 
Simons should be T-dual. According to Kapustin [Kap04], one expects that the NS5 
brane theory in type IIB can be described by the A-model topological string. T- 
dualizing 3 directions in a type IIB NS5 brane brings us to a type IIA NS5 brane, which 
should be the topological B-model. This relationship should be mirror symmetry be¬ 
tween the topological A- and B-models. Holomorphic Chern-Simons theory lives on 
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a space-filling brane in the topological B-model, and this brane is converted under T- 
duality to a 3-dimensional brane in the topological A-model. Ordinary Chern-Simons 
theory is the field theory living on a brane in the topological A-model, and thus is the 
T-dual. 

We also consider a variant of BCOV theory which we call (1,0) BCOV theory, only 
in three complex dimensions. We conjecture that free (1,0) BCOV theory is the holo- 
morphic twist of the free (1,0) tensor multiplet. We will show that (1,0) BCOV theory 
can be coupled to s[(N | N) holomorphic Chern-Simons theory and that the coupled 
theory admits a unique quantization. Davide Gaiotto suggested that the following 
might be true. 

Conjecture. Consider a single M5 brane on x (R^/Zn), where the M5 brane lives at 
the singular point in the An singularity and spans 6 of the 1 directions in R^. 

There is a theory with (1,0) supersymmetry living on the world-volume of this M5 brane 
[GT14]. Then, the conjecture is that the holomorphic twist of this theory is (1,0) BCOV theory 
coupled to 5l(N I N) holomorphic Chern-Simons theory. 

Let's present some evidence for this conjecture. Standard M-theory philosophy says 
that M-theory on R^ x (R^/Z)t) is equivalent to 7-dimensional maximally supersym¬ 
metric gauge theory with group SU{k). The M5 brane can be viewed as a domain 
wall from the 7d gauge theory to itself. Further, the motion of the M5 brane is de¬ 
scribed by a ( 1 , 0 ) tensor multiplet on the brane, and after twisting should produce 
the fields of (1,0) BGOV theory. The two copies of the gauge theory living on each 
side of the M5 brane have a boundary condition on the brane, which is (conjecturally) 
the same as the one discussed earlier which introduces holomorphic Ghem-Simons. 
In this way, we find that the theory on the M5 brane is, after taking Q-cohomology, 
5l{k I k) holomorphic Ghern-Simons coupled to (1,0) BGOV theory. 

1.4. The fields of BCOV theory. Let us now introduce the fields of BCOV theory, 
focusing on dimension 3 for simplicity. 

Let Q^*'*(C^) denote the space of differential forms on C^, with degrees arranged 
so that a (p, q) form is in degree q — p- The fields of BCOV theory, in our formulation, 
can be identified with 


Q-*'*(C3)[[f]][-l] 
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where i is a formal variable of cohomological degree 2. The symbol [—1] indicates a 
shift of cohomological degrees, so that co G then the field t^co is in degree 

2k + q — p + 1. The linearized BRST differential on the space of fields of BCOV theory 
is the operator d + td. 

It is often more convenient to identify the fields of BCOV theory with polyvector 
fields, which are isomorphic to forms. For now, however, since we will not yet be 
discussing the interaction in BCOV theory, we will stick to forms. 

In the original formulation, the fields of BCOV theory is the space 

Kerd C Q^*'*(C3)[-1]. 

In particular, the fields contain a closed (2, l)-form of cohomological degree 0, corre¬ 
sponding to a variation of complex structure. The variable t that we introduce plays 
the role of descendants. The fact that the linearized BRST operator includes the term 
td in our formulation replaces the fact that in the original formulation the space of 
fields is Ker 3. 

We formulate BCOV theory in the BV formalism, in which to specify a theory one 
needs to specify a differential graded manifold with an odd symplectic structure. 
BCOV theory is a degenerate theory in this sense: the space of fields has an odd Pois¬ 
son, as opposed to odd symplectic, structure. The Poisson kernel is 

TT — (3 O '^')^Diag 

where Sjjiag is the delta-function on the diagonal in C^ x C^. Thus, Sjjiag is a form on 
C3 X C^ with distributional coefficients. 

This Poisson kernel lives in the tensor square of the space of fields. In fact, it lives 
in the tensor square of the subspace of fields which have no powers of t in them. 

Although this is a very abstract way of formulating a theory, one can still construct 
familiar objects such as the propagator in this formalism. The propagator is 

P = (33 ^ (g) l)SDiag 

where 3 ^ is the inverse to the 3 operator. (Explicitly, 3 ^ = 3* A ^ where A ^ is the 
Green's operator for the Laplacian). The descendant fields - those involving powers 
of f - do not propagate, and thus can be viewed as background fields. Including 
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descendant fields is natural for various reasons, and is especially important away from 
dimension 3. 

A variant of our BCOV theory which is very close to the original formulation is 
obtained if one only considers those fields in where k + I <3. Fields of this 

nature form a subcomplex of the full space of fields we wrote above, and contain all 
the propagating fields. This smaller space of fields can be viewed as a direct sum of 4 
complexes of the form 

Q'> tQ'+lA . . . f3-'Q3A 


where 0 < i <3. 

These complexes can be viewed as resolutions of the subspace Ker 9 C Q''*, so that 
this smaller space of fields is a resolution of the space of fields of the original BCOV 
theory 

The remainder of the space of fields of BCOV theory consists of infinitely many 
copies of the de Rham complex of the form 

where A: > 1. These fields do not propagate, but do interact. They can thus be seen as 
background fields, and by setting these background fields to zero one obtains a quan¬ 
tization of the smaller space of fields. These background fields are not essential for the 
purposes of this paper. We include, them, however, because they play an important 
role in our approach to a holomorphic twist of the AdS/CFT correspondence, which 
we will discuss in future work. 


1.5. Holomorphic Chern-Simons. The fundamental field of holomorphic Chern-Simons 
theory is a coimection A G (C^, with action 

ShCs{A)= f iTrAM + lTriA^). 

The integration is again the standard holomorphic volume form on C3. The field A is 
acted on by the complex gauge group of maps from C3 to GL(n,C), and this action 
preserves Shcs- In the BV formalism, the space of fields (including ghosts, anti-fields 
etc.) is Q°'* (C^) (8) 0l]v[l]/ and the full BV action functional takes the same form as Shcs 
above, except that now A is no longer constrained to be a (0,1)-form. 
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We will denote the cubic term in the holomorphic Chern-Simons interaction by 7*"®; 
we should think of it as being associated to a disc with three marked points on the 
boundary 

One can couple BCOV theory and holomorphic Chern-Simons. We are only inter¬ 
ested, for now, in the term in the coupled action which depends linearly on the fields 
of BCOV theory We call this term and view it as being associated to a disc with 

one marked point in the middle (at which we put the field of BCOV theory) and any 
number of marked points on the boundary 

The explicit formula for is a little complicated (see Definition 3.1.3). To get a 

sense of its structure, we give here some expressions for the coupling between those 
fields on BCOV theory which are of cohomological degree zero and holomorphic 
Chern-Simons. 

(1) If a e Q®'2(C®),then K couples to holomorphic Chern-Simons via the interac¬ 


tion 



(2) If A G (C®) with da. = 0, then a couples by the interaction 


A ^ aTr(AaA). 

(3) A field a G Q^'*^(C®) with da = 0 couples via 

J aTr(A(aA)2). 

(4) A field a G fQ®'°(C®) couples by 



1.6. (1,0) BCOV theory. Let X be a Calabi-Yau 3-fold. The fields of (1,0) BCOV the¬ 
ory are the subset of those fields of the full BCOV theory consisting of the complex 


q2'*[1] a fO®'*. 


The fields of ghost number zero are and these fields couple to those of 

holomorphic Chern-Simons theory for sl(N | N) by the formulae we wrote down 
above. 


QUANTIZATION OF OPEN-CLOSED BCOV THEORY-I 


13 


We can rewrite these fields in terms of holomorphic vector fields on X. Contracting 
with the holomorphic volume form gives an isomorphism between the spaces 

Q°'*(X,TX) ^ Q2'*(X), Q°'*(X) ^ Q3'*(X). 

It allows us to rewrite our space of fields as 

Q°'*(X, TX)[1] ©Q°'*(X). 

The differential is a sum of the 9 operator and the holomorphic divergence map 

9 = Div : Q°''^(X, TX) ^ Q°''^(X). 

In this formulation, fields of cohomological degree zero are Q*^'^(X, TX), describing 
deformations of complex structure; and Q*^'®(X), describing changes in the holomor¬ 
phic volume form. The fields of cohomological degree —1 (i.e. ghosts) are Q'^''^(X, TX). 
These are ghosts for holomorphic changes of coordinates. 

Let us describe the interaction for (1,0) BCOV theory. If a denotes the field in 
(X, TX) [1] and (p G Q®'* (X), the interaction is 

Iicc,cp) = E S / </’”nA(ah)3Q 

where Q is the holomorphic volume form, and (a h)^ indicates the operation of con¬ 
tracting with oc 3 times. 

One can show that the equations of motion (including the linearized BEST operator 
we have discussed) describe the variations of X as a Calabi-Yau manifold equipped 
with a holomorphic volume form. This is in contrast to the full BCOV theory, in which 
the equations of motion describe a much larger space including non-commutative de¬ 
formations of X. 

We conjecture that free (1,0) BCOV theory is the holomorphic twist of the free (1,0) 
tensor multiplet in 6 dimensions. The idea is that the propagating field of ghost num¬ 
ber zero (1,0) BCOV theory that lives in 0^9 corresponds to 9 of the 10 components 
of the self-dual 3-form in the (1,0) tensor multiplet. 

Our theorem regarding quantization of (1,0) BCOV theory is the following. 

Theorem. There is a unique quantization of {1,0) BCOV theory coupled to 5l{k \ k)holomor- 
phic Chern-Simons theory, and compatible with certain natural symmetries, in the following 
situations: 



14 


KEVIN COSTELLO AND SI LI 


(1) On C3. 

(2) On a Calabi-Yau X which is the total space of the canonical bundle of a complex surface. 

(3) On the product of a K3 surface with an elliptic curve. 

(4) At genus 0, on any Calabi-Yau. From the point of view of the holomorphic Chern- 
Simons gauge theory, genus 0 means we only consider planar diagrams. 

1.7. The interaction between general BCOV fields and holomorphic Chem-Simons. 

We will sketch the cohomology cancellation argument which allows us to quantize 
open-closed BCOV theory. To understand this argument, it is useful to have some 
understanding of how a general field of BCOV theory couples to holomorphic Chern- 
Simons (although we will not give explicit formulae right now). 

Let's consider the most general possible single-trace Lagrangian we can write down 
which is a first order deformation of the holomorphic Chern-Simons interaction. If we 
require our Lagrangian to be GL(N | N) invariant and compatible with the inclusions 
qI{N I N) ^ gl{N + k \ N -\-k), then the general Lagrangian is a sum of terms of the 
form 

(t) / YldZiYldZixTr{{DoAr,){DiAr,)...{D„Ar„)) 

Jc.^ 

where a G C“(C^), 0 < T; < 3, Ar- indicates the component of the field A in and 
each Di is a constant-coefficient differential operator from Q°'’''(C^) to C“(C^). Up to 
integration by parts, we can assume Dq is a linear map without any derivatives. 

The space of such Lagrangians is a cochain complex with a differential given by 
{g/iCS, _} -^Yhere } is the BV bracket. Consistent first-order deformations of the 
holomorphic Chern-Simons action are given by closed elements of this cochain com¬ 
plex, and cohomologous elements define equivalent first-order deformations. A re¬ 
sult of Tsygan [Tsy83] and Loday-Quillen [LQ84] allows us to identify this complex 
of Lagrangians with the (local) cyclic cochain complex of the dg algebra Q^'*(C^). It 
is important here that we are working uniformly in the N appearings in gi{N | N). 
Because of this, trace relations do not appear, and expressions like (t) give the same 
Lagrangian if they are related by a cyclic permutation or a total derivative, which is 
why one finds the cyclic cochain complex. 

A classic result of Hochschild-Kostant-Rosenberg allows one to calculate this local 
cyclic complex, and one finds that it is quasi-isomorphic to the complex (C^) [[i]] [—1], 

with differential 3 -|- td. This, however, is the complex of fields of BCOV theory. 
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In other words, the fields of BCOV theory are the universal object which can couple 
to holomorphic Chern-Simons theory with single-trace operators. 


1.8. The cohomology cancellation argument. Recall that we are aiming to couple 
our open-closed BCOV theory where on the open string sector we have the groups 
qI{N I N), and we work uniformly in N. The fact that we are working uniformly in N 
implies that Feynman diagrams for the open sector can be viewed as ribbon graphs, 
and that more generally every Feynman diagram for the open-closed theory gives us 
a topological type of a Riemann surface of some genus g, with some number h of 
boundary components, some number n of interior marked points, and some number 
of marked points on each boundary component. The closed-string fields are placed on 
the interior marked points and the open-string fields on the boundary marked points. 
The fact that we are using the super Lie algebras gl{N \ N) instead of g[(N) tells us 
that only surfaces each of whose boundary components has at least one marked points 
can appear. 

It is important to bear in mind that we introduce Riemarm surfaces only as a com¬ 
binatorial tool for describing topological types of Feynman diagrams. We are strictly 
doing string field theory, and we will not use the world-sheet theory at all. 

It makes sense to try to consider our theory up to genus G, by only considering 
diagrams of genus less than G. Also, given an integer R, it makes sense to consider 
our theory where we consider diagrams of genus g < G, of genus G where h + n < 
R. Recall h is the number of boundary components and n the number of interior 
marked points. We will indicate this by saying that {g,h + n) < {G,R) using the 
lexicographical ordering on pairs of integers. 

Our construction of the open-closed theory is by induction. Suppose we have con¬ 
structed our theory for {g,h,n) where {g,h + n) < {G,R). Then, we will construct it 
for {g,h,n) < (G, R -|- 1) by induction. The obstruction-deformation group describing 
this problem is built from Lagrangians defined on the open-closed fields which, on the 
open sector, have h traces, and which are homogeneous of degree n as a function of 
the closed-string fields, where h + n = R. 

The main claim is that this complex vanishes. Let us illustrate this point for the 
simple case when R = 1. 
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In this case, our complex has two terms: single-trace Lagrangians of the open-string 
fields, and linear functionals of the closed-string fields. The differential on this com¬ 
plex has three terms: the open-string BRST differential, which acts only on the open¬ 
string sector; the closed-string BRST differential, acting on the closed-string sector; 
and the BV bracket with the interaction This last term maps a linear functional 

of the closed-string fields to a single-trace functional of the open-string fields. 

As we have sketched above, single-trace first-order deformations of the open-string 
sector are described by the cyclic cohomology of the algebra Q'^'*(C^), which is pre¬ 
cisely the complex (C^) [[f]] [—1] of fields of the closed-string sector. 

The space of linear functionals of the closed string fields is The 

pairing between an element (p G (C^) [—1] and a closed-string field a G 

Qr'*(c3)[[f]][-i] is 

k>Q-^ 

where (pi and indicate the coefficient of The differential 3 -|- 19 on (C^) 
is the dual to the differential 3 -|-13 on [[l]]. We use the convention that 19 

applied to (p-it~^ is zero. 

Thus, our obstruction-deformation group looks like 

Q-*,* (C^) [[!]] [-1] © l-lQ-'*'*(C^) [1-1] [-1] 

where the first summand comes from the open-string sector, and the second from the 
closed-string sector. Using the language of cyclic cohomology, we can say that the 
obstruction-deformation complex for the open string sector yields local cyclic cochain 
complex of 0*1'* (C^), whereas that for the closed string sector yields negative local 
cyclic complex. 

Our obstruction-deformation complex is almost the complex Q-*'* (C^) ((!)) [—1] with 
differential 9 + 19. The only issue is that we are missing the term in the differential 
which sends a closed-string Lagrangian (pt^^ to the open-string Lagrangian dcpt^. In 
the cyclic cohomology language, our complex is almost the periodic cyclic cochain 
complex, except that we are missing the connecting map between negative cyclic 
cochains and cyclic cochains. 
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There is a remaining term in the differential, which maps the closed-string to the 
open-string sectors, coming from the closed-string BV bracket with the interaction 
term 

We calculate that this differential is precisely the missing term mentioned above, so 
that the full obstruction-deformation complex is Q^*'*(C^)((f))[—!] with differential 
3 -|- f3 (that is, the period cyclic cochain complex). This complex is simply a direct sum 
of infinitely many copies of the de Rham complex of C^, of the form 

q0,*(^3)^;c ^ ^ ^ q 3,* ^,^3)^/c+3 

As such, the cohomology is simply C ((f)) [—1]. 

What this shows is that, although if we concentrate on the purely open or purely 
closed string sectors there are lots of complicated possible Lagrangians, for the cou¬ 
pled theory every Lagrangian is equivalent to a sum of the simple ones corresponding 
to the elements in f^l G Q°'^(C^)((f)). A similar calculation applies when R > 1, 
except that we find the space of possible Lagrangians is isomorphic to a symmetric 
power of C((f))[—1]. 

The Lagrangians corresponding to f^l have very simple descriptions. If /c > 0, then 
this Lagrangian is a function of the open-string fields A G OP'*{C^,qI{N I N)) of the 
form 

^ ^ E ^h,h,h / Tr A'i(3A)A'^(3A)A'3(3A) 

h+h+k=2k+l 

where are certain combinatorial constants. 

Ifk < 0, then the Lagrangian corresponding to is a function of the closed-string 
field (p G Q^*'*(C^)[[f]][—1] of the form 

^ ^ j 

There are similar expressions when R > 1. 

In either case, we see that the Lagrangian is invariant under scaling of C^. In topo¬ 
logical string theory, one expects quantities associated to surfaces of type {g,h,n) to 
have weight^ 3{2 — 2g — h — n) when we scale C^, and we can make this into a consis¬ 
tent axiom for quantum open-closed BCOV theory. 

^Whether the weight is 3{2g — 2 + h + n) oi 3{2g — 2 + h) is convention dependent. If one thinks of 
the fields of BCOV theory as being pol 5 wector fields, then the weight is 2g — 2 + h, and if one thinks 
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It follows that the Lagrangians we have found do not scale correctly to contribute to 
the obstruction-deformation complex for quantizing open-closed BCOV theory (in a 
way compatible with scaling of C^), except when 2g — 2 + h + n = 0. From this we see 
that once we have specified the quantum theory for all diagrams with 2g — 2 + h + n = 
0, the axioms specify the rest of the theory uniquely 

lf2g-2 + h + n = 0, then we have either a disc with one interior marked point, 
an annulus with no interior marked points, or a torus with no interior marked points. 
The disc with one interior marked point has already been specified. The torus with no 
interior marked points does not appear in our story, as we do not consider "vacuum" 
Feynman diagrams with no external lines whatsoever. It follows that it remains to 
construct the theory at the annulus level. 

A similar cohomology cancellation holds when we consider (1,0) BCOV theory, 
allowing us to quantize this theory to all loops once we have quantized to the annulus 
level. 


1.9. Annulus anomaly cancellation. The final thing to check for our argument is that 
we can construct the theory at the annulus level. The cohomology cancellation argu¬ 
ment we sketched above does not apply at the armulus level. One reason, of course, 
is that the possible Lagrangians we found are of weight zero and so can contribute 
to annulus diagrams. There is a more subtle reason, however. The cohomology can¬ 
cellation was between various possible Lagrangians appearing at {g,h,n) for fixed g 
and fixed h -\-n. If we try to apply this at ^ = 0 and h-\- n =2, we find that we have 
already specified (as part of our classical data) what happens when (g, h,n) is (0,1,1) 
and {g,h,n) = (0,0,2). (The latter should be thought as kinetic term in the classical 
BCOV action, encoded above by the linearized BEST operator). Lagrangians corre¬ 
sponding to these two types of surface can not appear in our obstruction-deformation 
complex, so that the complex is entirely built from Lagrangians of type (0,2,0). The 
cancellation described above therefore can not take place. 

We can explicitly compute possible anomalies to quantization at the annulus level. 
There are two possible anomalies, corresponding to the functionals of the open string 


of them as forms fhe weight is 3{2g — 2 + h + n). The difference is accounted for by the fact that the 
isomorphism between forms and polyvecfor fields depends linearly on the holomorphic volume form. 



QUANTIZATION OF OPEN-CLOSED BCOV THEORY-I 


19 


field A e Q°'*(C3,0[(N I N)): 

ai{A) = J ^TrAdATrd{Af 
a2{A) = J ^TrATr{dAf. 

There are no ambiguities to quantization at the annulus level, so that if the anomaly 
vanishes the quantization is unique. 

If we try to quantize holomorphic Chern-Simons on its own, without coupling to 
BCOV theory, we find (by an explicit computation) that the anomaly is ai/2 + K 2 - 

There is another possible source of armulus anomalies, however, coming from the 
closed-string sector. The Lagrangian couples the open and closed string sectors, 

and corresponds to a disk with one interior marked point. Applying the closed-string 
BV anti-bracket gives an annulus-level anomaly, which we call 

the closed-string anomaly. 

Theorem. The open and closed string anomalies precisely cancel for BCOV theory on C‘^ 
(where d is odd). Therefore, there is a unique quantum open-closed BCOV theory to all orders. 

The fact that the quantization at the annulus level gives one to all orders follows 
from the cohomology cancellation argument we sketched earlier. 

If we use qI{N) instead of gl{N \ N), there is an extra one-loop open-string anomaly 
which is the functional of the open-string field 

J^TrA{dA)^Trl. 

Of course, Tr 1 is N if we use gl{N) but zero for 0 l(N \ N). This extra term corresponds 
to an annulus with no marked points on one of its two boundaries. This term does not 
cancel with the closed-string sector. 

We also have the following variant, for (1,0) BCOV theory. 

Theorem. The annulus anomaly cancels if we couple (1,0) BCOV theory to sl{N \ N) 
holomorphic Chern-Simons on any Calabi-Yau manifold of dimension 3. 

As a corollary, (1,0) open-closed BCOV theory admits a unique quantization on C^, and 
indeed on any Calabi-Yau which is the total space of the canonical bundle over a complex 
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surface. (The cohomology cancellation argument we discussed earlier works on this class of 
Calabi-Yaus). 

The point here is the following. If we use s[(N | N) holomorphic Chern-Simons, the 
term in the anomaly of the form f Tr A Tr ( (dA)^) is zero, and the anomaly is simply 
/Tr(AaA)Tr((3A)2). 

In the fields of BCOV theory, couples to 2 copies of A, to 3 copies of A and 
to 1 copy of A. If refers to the term in where on the interior marked 

point one places a field of BCOV theory in t^Cl^'*, then one finds that 

= J TrATr((9A)3) 

= J Tr(A3A)Tr ((3^)^) . 

The only propagating fields in (1,0) BCOV theory are in Q^'*, so the closed-string 
anomaly here is which cancels the anomaly from the open-string 

sector using s[(N \N). 

This armulus anomaly cancellation is very similar to the way that the introduction 
of (1,0) tensor multiplets can cancel a one-loop anomaly appearing in a 6 dimensional 
gauge theory with (1,0) supersymmetries. 

1.10. The classical BCOV interaction. One slightly odd feature of our construction 
of open-closed BCOV theory is that our initial data, from which we produce the en¬ 
tire quantum theory in a unique way, does not include the BCOV interaction. Recall 
that our initial data is and corresponding to disks with zero and one in¬ 

terior marked points. From this, we generate by the arguments sketched above the 
full quantum open-closed BCOV theory, and in particular the closed-string interac¬ 
tions associated to a sphere with n marked points. In this subsection we will 

describe a conjectural description for these closed-string interactions, and relate it to 
Kontsevich's formality theorem. 

It is convenient to rewrite the fields of BCOV theory in terms of pol}wector fields, 
as this makes it easier to describe our conjectural formula for the interaction. 


Let 


PV*a(c3) ^ n°'*(C^^A*TC^) 



QUANTIZATION OF OPEN-CLOSED BCOV THEORY-I 


21 


= C^{C^)[dz„d,.] 

be the Dolbeault complex of with coefficients in the bundle of poly-vector fields, 
which is the exterior algebra of the tangent bundle. The variables dZ; and dzj are odd, 
of cohomological degree 1. 

Let PV''-'(C^) denote A'TC^). There is an isomorphism 

PVO(c3) ^ q3-o(c3) 

coming from the isomorphism of holomorphic bundles 

A'TC^ ^ 

given by contracting with the holomorphic volume form. 

The space of pol}wector fields has two operators 3 and 9, which correspond via the 
isomorphism with the de Rham complex to the usual 9 and 9 operators. Thus, 9 maps 
PV''^’ to FY'i+^ and 9 maps PV''^’ to PV'^^'T 


In the language of pol}wector fields, the space of fields of BCOV theory is 

with differential 9 + f9. 

There is an integration map 

J : PV*'*(C3) ^ C 

which is zero except on PVp, and which sends a G PV^'^(C^) to 

J a. := J Q A (a h Q). 

Here Q = dzidz 2 dz 3 , and a h Q G is the form obtained by contracting a. with Q. 

In [CL12] we described a classical interaction for our formulation of BCOV theory, 
which we now recall. Define functionals 

:PVr(C3)[[f]][2] ^C 

as follows. If a G PV*'* (C^) [[f]] [2], let ajt denote the coefficient of Then, we set 

with '£ki=n-3 1- 


Ajti A • • • A 0Ck„. 
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We then define the interaction I by saying that 

n>3 

One can check [CL12] that I {a) satisfies the classical master equation. 

In this paper, we show that there is a unique quantum open-closed BCOV theory 
When restricted to the classical closed-string sector this gives us some new interaction 
for BCOV theory, which we call 1. Again, we can expand 

= E 

n>3 

where In{oc) is homogeneous of degree n as a function of a. The functional I automat¬ 
ically satisfies the classical master equation. 

Conjecture. The functionals I and I are equivalent solutions to the classical master equation. 

This conjecture is certainly not obvious. In fact, it implies a variant of Kontsevich's 
formality theorem: 

Proposition. This conjecture implies the holomorphic analog of Willwacher-Calaque's cyclic 
refinement of Kontsevich's formality theorem. 

As stated, it implies the 3-dimensional version of the cyclic formality theorem, but 
since our construction of open-closed BCOV theory works in any odd dimension the 
obvious refinement of the conjecture implies Willwacher-Calaque's theorem in any 
odd dimension. 

Even though we can't currently prove our conjecture, we can show the following. 

Lemma. The cubic interactions I 3 and I 3 are equivalent solutions of the classical master equa¬ 
tion modulo quartic terms. 

In other words, to leading order, the dynamically-generated classical interaction I 
and our BCOV action I do agree. 

For (1,0) BCOV theory, we can obtain stronger results. 

Theorem. On any Calabi-Yau 3-fold X, the dynamically-generated classical interaction J is 
equivalent to the classical interaction I which is the restriction of the interaction from the full 


QUANTIZATION OF OPEN-CLOSED BCOV THEORY-I 


23 


BCOV theory to the fields of {1,0) BCOV theory. (The interaction I is the one we wrote down 
explicitly earlier). 

1.11. Acknowledgements. K.C. is grateful to Davide Gaiotto, Jaume Gomes and Ed¬ 
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2. Holomorphic Ghern-Simons theory 


Eet US now start on the technical material in the paper. We will begin with a discus¬ 
sion of how to describe gauge theories uniformly in N. 


2.1. Invariant functions for gauge theory. Let V he a graded topological vector 
space, V'^ be its continuous dual, gljyj be the Lie algebra of N x N matrices. We are 
interested in holomorphic Ghern-Simons type theory whose space of fields is repre¬ 
sented by y G gtfyf. 

Let us first introduce some notation for functions on 1/ G gljv- Let 

ff{V G qIj^) = Sym^°(y^ G gl^) 

denote the graded algebra of formal power series on 1/ G gljv modulo constants. The 
component Sym^(l/^ G gl^) will be called homogeneous of degree k. The group GL^ 
acts on 1/ G gljv via its adjoint representation on glj^. It induces a natural GL^ action 
on ^(1/ G gljv) via duality. 


Lor M < N, we have an embedding RGglvt ^ l^Ggl^ induced by 

0^M ^ 0^N/ ^ 

Let 

;N 


A 0 
0 0 , 


o giN) G01m) 

be the restriction map associated to this embedding. 
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2.1.1 Definition. Let 

{/n S ^(V iS> 0 ^]v) I ^ S 2 i>o} 

be a collection consisting of a function on V ® for each N. We say this collection of 
functions is admissible if 

(1) Equivariance: each f^q is GLjq-invariant. 

(2) Compatibility: i^fN = /m- 

We let ^adm{^ C> gloo) denote the admissible collection of functionals, which is a bi-graded 
commutative non-unital algebra (the cohomology degree inherited from V and the homoge¬ 
neous degree). 

Example 2.1. Let V = C. Then the collection of functionals G defined by 

/n(A) = Tr(A*^), AGglM 
is admissible and homogeneous of degree k. 

Example 2.2. Let V = C[l], so 1/ is concentrated on degree —1. Let c G L denote the 
generator. Then the collection of functionals /n G ^( 0 l 2 vj[l]) defined by 

fN(eA) =Tr(A^), A G gl^ 

is admissible and homogeneous of degree k, which vanishes if k is even. 


More generally, if 1/ is a graded vector space, let v denote the cyclic permutation 

where |u| denotes the degree of u G L. Let 

Cycqv) = (y®")*’ 

denote the space of cyclically invariant elements of and let 

Cyc(y) = 0cyc,(y) 

k>l 

be the graded vector space of cyclically invariant tensors on V. There is a natural map 

Sym^{V (g) gljq) Cyc^(y), 

by assigning 

{vo (g) Ao) (g) • • • (g) (ujt-i (g) Ajt_i) ^ ^ ±Uo ^ ^ {Vs(k-i)) Tr(AoA,(i) • ■ ■ A,(fc_i 

seSit_i 
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where the sign ± is given by permuting the graded objects Vi 0 Ai. Dually, we obtain 
a natural map 

Cyc,{Vy ^ ® gl^) 

by a sequence of functionals (pN G ff{V ® from cp G Cyc^(V')^ such that for a 
decomposable tensor ri (8) A G V (S' flljv/ 

(Pn{v'S)A) = ^^(u®'^)Tr(A^). 

This map extends by linearity to a map 

(t) Cyc(y)^ = ncyc,(y)'' ^ 

k>l 

Let ^(Cyc(V')) = Sym^°(Cyc(V')^) denote the completed non-unital symmetric al¬ 
gebra on the dual Cyc(y)^, viewed as formal functions on Cyc{V) modulo constants. 

2.1.2 Lemma. The map ft) extends to an isomorphism ofbi-graded algebras 

^(Cyc(y)) ^ ^admiV^gloo)- 

Proof. By classical invariant theory for GL^, for N sufficient large {N > k), 

Sym^V''S M)cl, = ® ® (0«)®‘)Gt„)s, 

It follows that 

k>l ^ ^ 

Let (7jt C S)t be the conjugacy class of the cycle (12 ■ ■ - k). Since any permutation is a 
product of cycles, the natural map 

is an isomorphism. The lemma follows from the observation 

Cyc,^:^ 

and the direct check that the above identifications lead to (t) . □ 

2.1.3 Definition. An admissible function f = {/n} is said to have weight k is f G Sym^(Cyc(y)'^) 
under the isomorphism in Lemma 2.1.2. 
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2.2. Invariant functions and the cyclic cochain complex. Now let us consider the 
above situation in the case that V = A[l] where A is a differential graded alge¬ 
bra. Then, the graded space ^{A (S> 0 l]v[l]) has a natural differential, which is the 
Chevalley-Eilenberg differential dcE for the dg Lie algebra A (g) 

If {/n} S ^(A (g 0l]v[l]) is a collection of admissible functions, then so is {dcE/iv}- 
It follows that the space Cadm{^ ® 0ioo[l]) has a differential for which the map 

^admiA^QUl]) ^ ^(A®0[^[1]) =C*(A®0y 

is a cochain map. 

Theorem (Tsygan [Tsy 83 ], Loday-Quillen [LQ 84 ]). There is an isomorphism of cochain 
complexes 

^adm (A 0 0L [ 1 ] ) = (CC* (A) [ 1 ] ) . 

Here CC*(A) is the cyclic cochain complex of A. In the notation above, CC*(A) is 
Cyc{Ay [— 1 ] equipped with a Hochschild-type differential. 

2.3. A supergroup generalization. For our application, we need a variant of the above 

construction for the super Lie algebra qI{N \ N), which is the graded Lie algebra of 
endomorphisms of the graded vector space 0 C^[l]. 

Given a graded vector space V, the admissible functions on y 0 0[(N | N) is defined 
the same as before by a sequence of functions /jv G ^{V 0 0l(N | N)) such that 

(1) Each/]v is 0[(N | N)-invariant. 

(2) There is a natural inclusion 0[(N | N) ^ qI{N + k \ N + k) where 0l(N | N) 

consists of those matrices acting on 0 which preserve and act 
by zero on We let i^'^^ denote the corresponding restriction map ^(1/0 
0[(N + k \ N + k)) ^ 0 0[(N I N). We require that = /n- 

We let ^adm{^ G 0l(oo I oo)) denote the space of admissible sequences of functions. 
2.3.1 Lemma. Exactly as in the qI{N) case, there is a natural isomorphism 

^(Cyc(y))^^„rf,(y00l(oo|oo)). 

In particular, we find a natural isomorphism 

^adm{V 0 0l(oo)) = ffadm{V G 0l(oo | oo)). 
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Proof. We will define a map 

£?(Cyc(W)) ^ ^„d^(W®g[(oo | oo)) 

and the image of this will be the admissible functionals. 

The map is very simple. If ei,..., : W —> C then we will construct a functional 

by saying that 

/ei®•••»£„(8 ) Ai (g) ■ ■ ■ (g) (g) A„) = Y[ei{zVi) Tr(Ai... A„). 

Here we take the trace in the defining representation of g[(N | N). Projecting onto the 
symmetric tensors on the dual of W (g g[(N | N) makes fei®---tg>en i^ito an element of 

(Sym'^ Wg)g[(N | N))^. 

Since this map does not change (except by the appropriate sign) if we cyclically 
permute the C;, we thus get a map 

ncyc„(W)'^ ^ ^(Wgg[(N I N)) 

n 

and so a map of commutative algebras 

£?(Cyc(W)) ^ ^(Wggl(N | N)). 

The image is certainly admissible, so we get the desired map from (^(Cyc(W)) to 
^fl<im(W(g)gl(oo I oo)). 

Next we need to check that this map is an isomorphism. The map is clearly injective, 
so it suffices to check that it is surjective onto the space of gl(N | N)-invariant func¬ 
tions on W (g g[(N | N). But, as in the gl(N) case, this follows immediately from in¬ 
variant theory for the super group [SerOlj. The statement we need (proved in [SerOl]) 
is the following. Let V = denote the defining representation of gl(N | N). Then, 
the space of gl(N | N) invariants in a tensor power (g (y®'?)* is non-zero unless 
p = q. li p = q, then the invariants have the following description. Let c G L g L* 
denote the matrix for the identity map from V to V. For each permutation cr G Sp we 
have an element 

Ca = 

where c, refers to c placed on the f'th tensor factor of and the cr{i) tensor factor 
of (V'*)®P. Then, the elements Ca span the space of invariants. (In the gl(N) case 
invariant tensors have exactly the same description). 
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The proof from the gl(N) case now applies. 


□ 


2.4. Holomorphic Chem-Simons theory. Let X be a compact Calabi-Yau manifold of 
dimension d where d is odd, Qx be a holomorphic volume form on X. The space of 
fields for the gl^ holomorphic Chern-Simons theory on X is given by 


where Q*^'*(X) is the smooth (0, *)-forms on X and [1] is the shifting operator such 


that Q®'^(X) is of degree 0. £/n[—1] is a DGLA with differential 9 and Lie bracket 
induced from that of gl^j. Moreover, is equipped with a (2 — d)-symplectic pairing 



The DGLA structure reflects the gauge transformation, which is also encoded into the 
following classical action functional 


HCSn{A) = ^cv{dA,A) + AEsAn 


where 



The cohomological degree of the holomorphic Ghern-Simons functional is 

deg HCSn = 3 — d. 


2.4.1 Definition-Lemma. The collections {HCSn} (ind are admissible, i.e., belong¬ 
ing to ^a(j,„(Q°'*(X)[l] G glco). We will denote the corresponding admissible functionals by 
HCSoo and 

Under the isomorphism in Lemma 2.1.2, we have G Gyc 3 (Q'^'*(X)[l])^ corre¬ 
sponding to the cyclically invariant map 



where |A| = i — 1, A E Q®''[1], denotes the cohomology degree. 

2.4.2 Definition. Let 




denote the space of functionals on sAn modulo constants. ^ioc{'SAn) "i^ill denote the subspace 
of ^{sAn) given by local functionals, ^admi'^oa) ivill denote the admissible collections. A 


QUANTIZATION OF OPEN-CLOSED BCOV THEORY-I 


29 


collection {/n G is called local if each G ^ioc{-f^N)- The space of admissible local 

functionals will be denoted by &adm,ioc{-^af)- 

Example 2.3. HCSooJi^ G ^admjoci'^oo')- 

The (2 — d)-symplectic structure co defines a Poisson bracket of degree d — 2 on local 
functionals: 


where the superscript O refers to open string. 

2.4.3 Lemma. The Poisson bracket extends to admissible local functionals 

{ r } • ^adm,loc{’^<xi) ® ^adm,loc{’^oo) t C‘adm,loc{,'^eo)- 


Proof. By Lemma 2.1.2, the combinatorial part on gljsj of every admissible functionals 
consists of traces only. The Poisson bracket has kernel given by 

N 

^0 ^ij ® ^ji 
0=1 

where cio is the delta function distribution representing the identity operator on (X), 

and Cij is the fundamental matrix with only nonzero entry 1 at the fth row and jth col¬ 
umn. It follows that for any two collections of admissible functionals {/n}/ {/nI' 

Moreover, ey ey is obviously GL]v-invariant. Therefore the collection of func¬ 
tionals is admissible. □ 


2.4.4 Lemma. The holomorphic Chern-Simons functional satisfies the following classical mas¬ 
ter equation 


or equivalently 


{HCSoo,HCSoo}° = 0, 
3jcs Irjcs jCS'iO ^ Q 


Here the bracket {—, — } is defined by Lemma 2.4.3. 


Proof. The functionals iff defines Sym^(j 24 f) —> C in terms of its components by 

Ai®A 2 ®A^^ / Tr(Ai[A 2 , A 3 ]) A Qx- 
Jx 
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It follows that {HCSoo, —} = 3 + represents the Chevalley-Eilenberg differential 
of the DGLA which squares zero implying the Lemma. 


□ 

Therefore 3 + defines a differential on generating the infin¬ 

itesimal gauge transformation in the Batalin-Vilkovisky formalism. 

We have a graded vector space Cyc(Q^'* (X) [1] of collections of cyclically-invariant 
linear functions on tensor powers of Q'^'*(X)[1]. We have seen that we can identify 
Cyc(Q°'*(X)[l])^ with the weight 1 admissible functions on Q°'*(X)[1] G Let 
Cyc;*g|,(Q°'* (X) [1]) refer to the subcomplex which corresponds to weight 1 elements of 
^adm,ioci^^'* 0^oo)- Concretely, an element of Cyc*g^(Q°'*(X)[l]) is a collection 
of cyclically-invariant linear functionals on tensor powers of (X), where each such 
functional can be written as a finite sum of functionals of the form 

ai (g) ■ ■ ■ (g) I—> / d Vol DiAi ... 

Jx 

where each Di is a differential operator from Q®'*(X) to C“(X). 

2.4.5 Lemma. There is an isomorphism of cochain complexes 

^adm{^^'* (X)[1] C gU) = Cyc(Q0'*(X) [1])^ 

where on the left hand side the complex has the differential 3 -|- {Jcs/ ‘^nd on the right hand 
side the differential on Cyc (X) [1]) ^ makes it a shift by one of the cyclic cochain complex 
ofn°'*{X). 

Proof. This follows from the Tsygan-Loday-Quillen theorem [Tsy83, LQ84] and the fact 
that the differential 3 -|- {4cs/ “} ori ^(Q°'*(X) (g giwll]) is the Chevalley-Lilenberg 
differential associated to the dg Lie algebra (X) (g g[js/. □ 

It follows from this that the differential onCyc*Q^(Q°'*(X)[l]) given by3-|- {4cS/ “} 
is a local version of the cyclic cochain differential. 

3. Coupling with Kodaira-Spencer theory of gravity 

3.1. Coupled system. We are interested in compatible quantizations of gi^ holomor- 
phic Chern-Simons theory on X coupled with Kodaira-Spencer gauge theory (BCOV 
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theory). We will write down an explicit formula for a classical action which couples 
the two systems. 

Recall that the field content of BCOV theory is given by complex 

(PV(X)[[t]][2],Q) 

where 

PV(X) = 0 pV'^'(X), PW'^'(X) = Q°'^'(x, A'Tx) 

hi 

is the space of smooth polyvector fields on X. PV(X) is a bi-graded algebra equipped 
with two differentials 

a : PV''^(X) ^ PV''^'+1(X), a : pV'^'(X) ^ PV'“^'^(X) 

where d is the divergence operator associated with the holomorphic volume form Qx. 
The differential Q is given by 

Q = a + ta, 

where t represents the gravitational descendant. Our convention for grading is that 
elements of PV(X) [[t]] [2] in PV''-^has degree i + j + 2k — 2. 

3.1.1 Definition. The space of fields for the holomorphic Chern-Simons theory coupled to 

BCOV theory is the complex 

JW = PV(X)[[t]][2] © (qO'*(X) © Qij,[l]) 

with differential Qjv = Q © a. 

The coupling between pol 3 wector fields and holomorphic Chern-Simons theory in 
the classical theory is encoded by a natural map 

PV(X)[[f]][2]^Cyc;„,(Q0'*(X)[l]). 

The full tree-level coupling is encoded in a map like this which is a map of Loo algebras. 
Willwacher-Calaque's [WC08] cyclic formality theorem provides such a map. For our 
purposes, we need only to have a map of cochain complexes, so we only need the 
leading term of the Loo rnap constructed in [WC08]. 

We will describe very explicitly such a cocharn map. The formula will involve cer¬ 
tain integrals of differential forms on some auxiliary spaces. 
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Let Cm = {0;, 1 < i < m\0 < 9i < 02 <■■■< 9m < ^}, which can be viewed as 
parametrizing m + 1 points on the circle up to rotation. There exists a cyclic automor¬ 
phism induced by cyclically permuting the points 


cr : CmCm, cr \0i) 


— 01 — l 

1 — 01 i = m 


We introduce a 1-form on Cm by 


fj — {02 — 9l)d9i {9m — 9m-l)d9m-l + (1 — 0m)d9m 


and a 2-form on Cm 


CO = —dt]. 


It is easy to see that under cyclic permutation 


a* {?]) = 1 ] — d0i, cr*{co) = co. 


Let Em = {0,1, • • ■ ,?«,•} be the set with wj -|- 2 elements, ordered by 0 < 1 < • • • < 
m < •. The additional element • refers to the origin of the disk as in [WC08]. Given 
a subset L = {z'l, ■ ■ ■ ,ik} C T,m indexed with increasing order, we define a differential 
form on Cm by 


oir = 6/, A • • ■ A e,,, where < 


Bj = d9j 1 < j < m 
Bj = 0 j = 0 

lBj = f] ;■ = . 


The choice of L also defines a map 

PV(X) X ^ C 

G Ao G ■ ■ ■ G Am i-A ^r(Ao,.. .,Am) 


where fii is defined as follows. Let L = {ii, ..., 4} G T,m- We define an operator 9/j 
for i = 0,..., m by 9, j = 9 if f G L and 9, j = Id if i ^ L. Then, 


Fr(Ao, • • ■ , Am) = 


/xTr (9ojAo A • ■ ■ A 9m,rAm) A (/ijQx) 
fx (Tr9ojAo A • ■ • A 9m,rAm) A {djijClx) 


if . 

if • e r 


If G PV’^'* (X), then this expression is non-zero only when r = k. 
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3.1.2 Lemma. Fixing }i G PV(X), the functional 

^ ± / f o;^ A oip A ■/^m) 

rcz,„ 

is cyclically invariant. 

Remark 3.1. Here ± are some signs coming from permuting graded objects, which will 
not be used in the current paper. See [WC08] for details. 

Proof. Let a = {0,1,... ,m) he the cyclic permutation of the set {0,1,...,?n}. We ex¬ 
tend O' to an isomorphism of sets ^ E^ by declaring that cr sends • to •. Then, cr 
acts on the subsets T C E^. Explicitly, if E = {ii, ■ ■ ■ , 4} doesn't contain •, then 



{4-hi,-,4 + 1} ik<m 
(0,4 +1/ • • • / 4-1 +1) 4 = wj 


If E = {E', •}, then 


cr(r) = {£7(r'),«}. 


The lemma amounts to showing that 



where we have suppressed the inputs Aq, ■ ■ ■ , Am for simplicity. On the other hand 



while it is direct to check that 


<^a(T) = ±ddi A a;^(r)\p}. 

;e+r) 


The first term gives 



Therefore we need to show that 


r j 

In fact. 
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= E L ± 

o^r/6<7(r) 


A dOi A A fir + E ^ ^dOi A cc^(r)\{i} A jii 

JX 'JC-m OeT 

while integration by parts on X implies that 

^±/ f a;'^Ad0iAa;^(r)\{i}Af/r = -X]E^ / [ A d0i A a;^(r) A/ip+fy} 

JX JCffi Q^Y j^T X JCffi 


OtTj^T 

= - E E ^ L L ^^(r)\{;} Hr- 

OiTjea{T) 


3.1.3 Definition. We define the disk coupling with one interior marked point by the local 
functional 

iy‘^\t’^p,A)=Y, E^f f cv’^/\cvtAMA---,A). 
m>orcz„, 


If fi G PV''*(X), then the term in involving the integral over Cm vanishes 

unless m = r + 2k. It follows that has cohomology degree 

deg = 3-d. 

Remark 3.2. Cm equivalently describes the configuration space on the disk with one 
interior point and wj + 1 boundary points. In [WC08], a coupled interaction with arbi¬ 
trary number of interior and boundary points are described via a similar integration 
on the corresponding configuration space. In the current paper, we only need the 
leading term The other disk interactions will be constructed from deformation 

theory. 

3.2. Classical master equation. Let ^Ioc{A‘n), ^adm{<^oo) and ^adm,ioci^°°) 

defined similarly as in Definition 2.4.2. Recall that there exists a bracket on 

^Ioc{s^n) which is well-defined on ^adm,ioc{'^N)- It is easy to see that extends 

naturally to ffioc{<^N) and ^adm,loci.^<^') ■ 

The collection defines an admissible function, which we will denote by 

The differential Qjv induces a differential on ^{S’n) which is well-defined on 
^admi'^cxi) 3ncl W 0 will cl 0 r\ot 0 it by 

3.2.1 Lemma. The following classical master equation holds 
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Q rl—disk 
00^00 


{I 


cs 


jl—disk\0 _ n 

/ ^co J 


Proof. The first equation follows from Lemma 2.4.4, since Qoof£^ = The second 
equation follows essentially from an easy part of [WC08]. We sketch a proof here for 
completeness. It is easy to see that = 0. Therefore it amounts to showing that 

— ^ ± / /" A oir A ( 3 //)r(Ao, Ai, • • • , Am) 
rcE,„ W 

= Y] ^ [ [ A oir A (f/r(AoAi, • • • , Am) —/^r(Ao, A1A2, • • • , Am) + 
rcE,„_i JC,n-l 

■ ■ ■ i (Am Ag, A]^, • • • , Am—1) ). 


The right hand side corresponds to the integration on the boundary of Cm 

Y, ^ f [ A cur A (f/r(AoAi, ■ • • , Am) —/ir(Ao, A1A2, ■ • ■ , Am) 

rcE„,_i JCm-l 

+ • ■ • i ^r(Am Ag, A.\, ■ ■ ■ , Am—1) ) 


= E ± 


rcZifi, 


X JdCm 


A cur A f/r(Ag, Ai, • • • , Am) 


— X ± / / d(a;^ A oir A/rr(Ag, Ai, • ■ • , Am)) 

rcE„, 

= d(a;''A?/Aa;r\{.} A(a?i)r\.(Ag,Ai,--- ,Am)) 

A (Ur A (3//)r(Ag, Ai, • • • , Am) 


= - E ± 

rcZifi; 


X^c„, 


as desired. Here we have used the fact that d{cv^ A cup A fir(Ag, Ai, • • ■ ,Am)) = 0 if T 


doesn't contain •. 


□ 


Remark 3.3. The classical master equation says that describes a first-order de¬ 

formation of the holomorphic Chern-Simons functional HCSoo- As explained in the 
introduction, it gives in fact the universal first-order deformation. 


3.3. An alternative approach to constructing the interaction VVe have pre¬ 
sented the explicit formula for the interaction which arises from a cochain map 

between PV(X)[[f]] and cyclic cochains of Q°'*(X). One can, however, use a simple 
abstract argument to prove the existence of the desired In this section we will 

sketch this argument to give a conceptual understanding of 
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By the Hochschild-Kostant-Rosenberg theorem [Kon03] there is an isomorphism 
between PV(X) and the local Hochschild cochain complex HCig^{DP'* (X)). This local 
Hochschild cochain complex is built from Hochschild cochains which are sequences 
of maps 

q0'*(X)®” ^ Q°'*(X) 

which are poly-differential operators. The integration map on X allows us to identify 
local Hochschild cochains of X with a local version of the linear dual of the Hochschild 
chains on X. The latter consists of collections of functionals 

qO'*(X)®"+i ^ C 

which are local in the sense used before, and equipped with a differential which is 
dual to the Hochschild chain differential. In this way, the Connes B-operator can be 
viewed as an operator on HC*p^(Q°'*(X)). 

A simple check shows us that the HKR map 

pv(x) ^ hq;,(q°'*(x)) 

intertwines the operator 9 with the Cormes B-operator. It follows that we get a HKR 
map 

PV(X)[[f]]^HQ;,(QO'*(X))[[f]] 

which intertwines the differential 3 -|- f3 with the differential d -|- tB, where d is the 
Hochschild differential and B is the Connes operator. 

The final step is to use the fact that there is a quasi-isomorphism (X)) [[f]] 

and the local cyclic cochain complex of (X). This last fact is a local version of the 
standard theorem comparing two different models for cyclic cohomology: one based 
on a double complex, and one based on collections of cyclically-mvariant multi-linear 
maps. 


4. Quantum open-closed BCOV theory 

In this section, X will be a compact Calabi-Yau of dimension d odd. We will define 
what it means to construct the quantum open-closed BCOV theory on X. 
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4.1. Regularization. Let us fix a Kahler metric on X, which gives rise to the adjoint 

3* on both PV(X) and Q°'*(X) (g) 01^(1]. Associated to the corresponding Laplacian 

-^ ^ — 

33 +3 3, we have the heat kernels 

X£ G PV(X)(gPV(X) 

KOX e (QO^*(X)[l](g0lN)®^ 

where L is the time parameter for the heat kernel. The superscript C refers to "closed 
string" sector while O refers to "open string" sector. They can be viewed as the regu¬ 
larization of the delta-function distribution which represents the ultraviolet singular¬ 
ity in general QFT. We will treat both as elements in Sym^((#fvf). In terms of compo¬ 
nents, we have 

G 0 PV'J(X) (g PV‘^-''‘^-^(X), G 0(Q°''(X) (g 0[^,) (g (Q°'‘^-'(X) ^ 01^). 

Then with respect to the cohomology degree on we have 

deg(x£) = 2d-4, deg(X°'^) = d - 2. 

4.1.1 Definition. We define the effective propagators at scale L by the smooth kernels 

pL _ 

P{€,Lf = I (33 ®l)K^dt 


Note that 

degP(c, L)*" =2d — 6, degP{e,L)^'^ = d — 3. 

In general, every symmetric element O of Sym^(y) defines an order k differen¬ 
tial operator dd, on ^{V). This is the unique order k operator whose restriction to 
Sym*^(y^) is given by pairing with O. This is generalized to the setting for smooth 
kernels and functions being distributions. In particular, the effective propagator in¬ 
duces order two operators 

3p(e,L)C/9p(e,L)OA ^ ^ 

of cohomology degree 2d — 6,d — 3 respectively. 

4.1.2 Definition. We define the effective BV operators at scale L 

A C _ ^ A 0,N _ ^ 
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on of cohomology degree 2d — 5,d — 2 respectively. The corresponding effective BV 

operators are defined by 

{O, Y}^ = A^(OY) - A^(0)Y - (-l)l‘^IOA^(Y) 

{O, Y}^'^ = A^'^(OY) - A^'^(0)Y - (-l)l‘*’IOA^'~(Y). 

4.1.3 Definition. A collection of functionals {/n|/n £ Is called admissible with N- 

degree m i/{/n/N'”} is an admissible collection. The space of such collections will be denoted 

tv 

A collection of such functionals is called weakly admissible if it is finite sum of functionals 
which are admissible of some N-degree. We let 

m>0 

denote the collection of weakly admissible functions. 


Obviously our previous definition for ^admi^oo) refers to admissible functions of 
N-degree 0. There exists a natural identification 


which sends {/n} to {N'^/n} and morphisms 


^adm 


(0 


y>(m+l) 

adm 


{(^oc 


In this way the space of weakly admissible functions forms an algebra. There is an 
algebra isomorphism 

= ^adm{^oo)[N]. 

In fact this is an isomorphism of C [N]-algebras, where C [N] acts on a weakly admissi¬ 
ble collection of functions {/n} by multiplying each/why apolynomial P(N) G C[N]. 


4.1.4 Definition-Lemma. Suppose that {/n}/ {gN} weakly admissible collections of func¬ 

tions. Thensoare {dp(e,L)cfN}, {A^/n}, {dp(e,L)o.NfN}, {A°'^/n}, {{fN,gN}i}, {{fN,gN}i'^}- 


We will denote the corresponding operators on by 


^P{e,L)C'^L'^P{e,L)0- 




0,00 

L • 


The operators dp^^^ ^o.oo, A®'“, {—, — 1^'°° niay increase the N-degree by 1 by "closing 
a trace", while 9p(e,L)C/^L' “II preserve the N-degree. 
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4.2. The renormalization group flow and the quantum master equation. Now we 

introduce a formal parameter A of cohomology degree 3 — d and consider 

^adm wmm] 

4.2.1 Definition. Let 

be the space of functionals of the form 

g>0,h>0 

such that Ig h-f has N-degree f and weight h (see Definition 2.1.3) and such that Jo,o; 0 / ^o,i ;0 
are at least cubic. 

Under the isomorphism between (S’oo) and ^adm {^co) [A^]/ a series I = 

becomes a series of the form ?fs+^+f 

Given I as in the definition, we can Taylor expand each Ig^h;f as a sum 

h'M ~ h>Ln;f 

where Ig,h,n;f is homogeneous of degree n as a function of the closed fields. 

Heuristically, we should think of lg,h,n-f as corresponding to a surface of genus g 
with n interior marked points, h boundary components with at least one marked point, 
and / unmarked boundary components, where we have inputs from PV(X) [[z]] [2] on 
interior marked points and inputs from (X) ® 0[n[ 1] on boundary marked points. 

4.2.2 Definition-Lemma. We have a well-defined renormalization group (RG) flow op¬ 
erator 

U : <yi*U*.)||A||+ ^ <?i,*i(«,)||A]| + 

defined by 

log exp Aap(gL)o,») exp (J/A^) . 

Proof. is given by sums over connected Feynman graphs with two types of 

propagator P(e, L)^ (closed string), P{e, (open string) and vertices I of two types 
of half edges from closed string and open string sector. We think about each term 
Ig^h-j as a surface ILg jj.joi genus g, with h f boundaries, then each vertex contribute 
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a factor A where x{^g,h;f) is the Euler characteristic. It is easy to see that a 

connected Feynman graph will produce a new surface ;,/.p of similar type such the 
Feynman graph integral produces a factor W^{I) being well-defined now 

follows from the fact that x{'^g',h>;f') < 2 and that only finite graphs contribute given 
a fixed number of field inputs. □ 

Remark: Suppose we apply this RG flow operator W^(J) to, for example, the holomor- 
phic Chern-Simons interaction The result can be described as a sum over bivalent 
ribbon graphs with external lines, where each vertex of the ribbon graph has the in¬ 
teraction and each edge has the open-string propagator P(e, Each ribbon 

graph 7 is weighted by and by N to the number of faces of the ribbon graph 

which have no external lines. 

4.2.3 Definition. As before, let An denote the space of fields at finite N. Let ^(An)[[A]] + 
denote the series of the form I = J^Ir,no,nc^’' where lr,no,nc is homogeneous of degree no 
(respectively, nc) as a function of the open-string fields (respectively, closed-string fields). 
We require that lo,no,nc — 0 unless no = 0 and no > 3 , and that h,no,nc = 0 unless 
no 2nc > 3 . 

Then, the formula 

= AMogexp (A2ap(^^^)c + Aap(g p)o,N) exp (J/A^) . 
gives a well-defined renormalization group flow operator on ^(An) [[A]]+. 

If f G ^^*'1 (A’oo), let {I^ G i^(An)} denote the collection of functions making up the 
weakly admissible function I. 

4.2.4 Femma. The map 

^^'•*(«.)[|A|l+ ^ <?Gn)[[A1| + 
intertwines the renormalization group flow maps. 

Proof. By definition, the operators 9p(e £)c and dp(^e,L)o,^ act on a weakly admissible 
collection {I^} via the action of and dp(e,L)o,N on each I^. Further the map 

(A’oo) —t G(Sn) is an algebra homomorphism. The result follows immediately. □ 
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4.2.5 Definition. I G (<^oo) [[A]]+ is said to satisfy quantum master equation (QME) 
at scale L if 

Q^I + + = 0 . 

It is also convenient to write the quantum master equation formally as 

(Qoo + + AAo) = 0. 

4.2.6 Definition-Lemma. A function I G ^(f^N)[[A]] satisfies thefinite-N scale L quantum 
master equation if 

Qeol + A^aCj + AA°'^ + J, J}0'~ = 0. 

The restriction map 

^'*H'^oo)[[A]]+^^(Af)[[A]] + 

takes a solution to the scale L quantum master equation to a solution to the scale Lfinite-N 
quantum master equation. 

Further, afunctional I G ^(*^((foo)[[A]]+ satisfies the scale L quantum master equation if 
and only if all of its finite N restrictions satisfy the scale L quantum master equation. 

Proof. The fact that the restriction map is compatible with the QME is immediate from 
the fact that we defined the scale L BV Laplacians and odd Poisson brackets at infinite 
N in terms of their finite N counterparts. The fact an infinity N functional I satisfies 
the QME if and only if each of its finite N restrictions does follows from the fact 
that the product of all the restriction maps 

N 

is injective. □ 

4.2.7 Lemma. RGflow and QME are compatible in the following sense: if I satisfies QME at 
scale e, then Wf{I) satisfies QME at scale L. 

Proof. This is proved similarly as in [Cosll]. The results of [Cosll] are directly appli¬ 
cable to the frnite-N version of this statement. The fact that the RG flow and QME are 
compatible with the restriction maps from (S’ca) —t and the fact that to 
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verify the quantum master equation for a functional I G it suffices to 

verify it for all of its restrictions implies the result for infinite N. □ 

4.3. The definition of quantum theory. We now have enough notations to define the 
notion of quantum open-closed BCOV theory. 

4.3.1 Definition. A quantum open-closed BCOV theory on a Calabi-Yau X of odd dimension 
d is a collection of functionals 

one for each L > 0, satisfying the following axioms. 

(1) The renormalization group flow: 

I[L]=Wf{I[e]), VL,c>0. 

(2) The quantum master equation 

Q^I[L]+\^A^J[L]+AaO'-I[L] + J[L]}C + ^{I[Ll I[L]}^'-^ = 0. 

(3) The locality axiom: I[L] has a small L asymptotic expansion in terms of admissible 
local functionals, 

where d>,(L) are some functions of L, and /, G ^adm,loc{^oo)[[A,N]]. 

(4) The degree axiom. With respect to the expansion 

g,h,n,f>0 

where lg,h,n-,f S Sym”(PV(X)[[f]][2])^ ® Sym^(Cyc(Q°'*(X)[l])), lg,h,n-,f has co¬ 
homology degree {d — 3)(2g — 2 h f). Equivalently deg(A~^J[L]) = 0. 

(5) The classical limit. We require that 

lim fo,i,o m = lim fo,i 4 = 

L^O L^O 

4.3.2 Definition. A quantum theory coupling the gljg holomorphic Chern-Simons theory 
with BCOV theory is specified by a collection of functionals f^[h] G ff{S’N)[[X\]+ satisfy¬ 
ing the same properties as listed above, except that the classical limit axiom is changed to the 
following: 

(1) If we expand I^[L] = I]r>o then fo^[L] is a functional only of the closed- 

string fields and is at least cubic. 
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(2) The limit 


lim7i[L] 

L^O 


exists and is equal to 7^® + 7^ when the homogenous degree of closed inputs < 1. 


4.3.3 Lemma. If I[L] e ^W(^co)[[A]]+ is a collection of functionals defining a quantum 
open-closed BCOV theory, then the restrictions 7[L]^ G i^(Jn)[[A]]+ define a quantum the¬ 
ory coupling gljvj holomorphic Chern-Simons with BCOV theory. 


Conversely, suppose one has a collection 7[L]^ G ^(ffjv)[[A]]+ of functionals defining 
a coupled BCOV theory and gljyj holomorphic Chern-Simons. Suppose that the collection 
{7[L]^} defines a weakly admissible collection of functionals. Let us expand 


r>0 


where the collections of admissible functionals are ofN-degree f and weight h. Sup¬ 
pose further that = 0 unless r — h — f > 0 and is even. Then, the admissible 

collection 7[L]^ defines a quantum open-closed BCOV theory. 


Proof. The statement that the restriction to finite N of a quantum open-closed BCOV 
theory gives a quantization of the coupled gljvj holomorphic Chern-Simons and BCOV 
theory is immediate. For the converse, suppose we have functionals 7[L]^ as stated 
in the lemma. Then, they define an admissible function 7[L] G ^i2,(*")l|A||. The 
RG flow, quantum master equation, classical limit axiom, and locality axiom are au¬ 
tomatically satisfied, as they can be tested at finite N. Then only thing that needs to 
be verified is that 7[L] has an expansion of the form ^ Ig^}i.j[L]X^s+^‘+f where is of 
weight h and m-degree /. This, however, follows from the final criterion stated in the 
lemma. □ 


Thus, we see that constructing the open-closed theory is essentially the same as 
constructing the coupling of the closed string sector to the gl^ gauge theory for all N, 
in a compatible way. 

For our purpose, we will also need a version of quantum open-closed theory with¬ 
out free boundaries. This can be obtained via a mod-N reduction from the above 
definition. 
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4.3.4 Definition. A quantum open-closed BCOV theory on a Calabi-Yau X of odd dimension 
d without free boundaries is a collection of functionals I[L] G ^adm {^oo) [[A]]+/or each L > 0, 
satisfying all conditions (1)(2)(3)(4)(5) as above modulo N, i.e., we disregard all components 
whose N-degree > 0. 

We leave it to the reader to check that this mod-N version is well-defined. This 
definition amounts to ignoring all the terms containing free boundaries without open 
string inputs that appears in the renormalization group flow and quantum master 
equation. We will see shortly that a quantum open-closed BCOV theory modulo N is 
the same data as a quantization of the open-closed theory where on the open sector 
we use the super Lie algebras qI{N \ N) instead of gt(N). 


4.4. Supergroup holomorphic Chern-Simons. Everything we have discussed works 
if we consider holomorphic Chern-Simons with gauge Lie algebra qI{N | N). The 
space of fields is (X) [1] O gl(N \ N). We let denote the corresponding space 
of fields for the open-closed theory 

= PV(X)[[f]][2]©Q0'*(X)(^g[(N | N)[l]. 

The formulae we wrote for the Chern-Simons action and the one-disk interaction 
apply in this situation too, except that as well as taking the trace in gl^f we 
take the trace in the defining representation of g[(N | N). 

Admissible functions ^adm ('^oo|oo) on ^re defined similarly, from which we can 
define the RG flow and quantum master equation for open-closed BCOV theory in the 
supergroup case. Before we do so, we need a small detour about differential operators 
on the space © g[(oo | oo)). 

Let W be any graded vector space. As before, let i^adm{l^ O gl(oo)) and ^admiy^ ® 
g[(oo I oo)) denote sequences of admissible functions on W © gl(N) and on W © g[(N | 
N) respectively. There is a natural isomorphism of algebras 

'^flrfm(lV©gl(oo)) ^ ^«dm(WC)gl(oo I oo)) 

since both can be identified with the symmetric algebra on the dual of Cyc(W). 
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Let (W (g) 0 ^(oo)) denote the space of weakly admissible sequences of functions 
on W (g) 0 [(N). There is an isomorphism 

= ^«dm(W(g 0 [(oo))[N] 

and so a map 

^ i^(W(g) 0 [(oo I oo)) 

obtained by setting N = 0. 

For example, in the case that W = C, the algebra of admissible functions is gener¬ 
ated by the functions A TrA" on 0 l(N) or on 0 l(N | N), for n > 0. The algebra of 
weakly admissible functions includes the case n = 0; the function Tr Id takes value N 
on 0 l(N) and zero on 0 l(N | N). In this case, the map from weakly admissible func¬ 
tions on 0 [(N) to admissible functions on 0 [(N | N) sends the function A i—> Tr A” on 
0 t(N) to the same function on qI{N \ N). 

4.4.1 Lemma. Let W be a graded vector space and let P G W he a symmetric element. 
Define operators on ^{W (g) gl{N \ M)) associated to the elements P ® c ^ (g) 

qI{N I where c G 0 i(N | is the Casimir. (The Casimir is the inverse to the 

invariant pairing on gl{N \ M) coming from Tr(Xy) in the defining representation). In the 
case that M = Owe will refer to this operator as 

Then, 5p^^ preserves the class of weakly admissible functions onW ® 0 l(N), and so gives an 
operator <5“^^ on < 8 ) 0 i(oo)). Further, Sp^ preserves the class of admissible functions 

ontN ® 0 ^^ I ^)' so gives an operator on ^admO^ ® 0 l(°° I °°))- 

The natural map 

® ^adm{F^ ® I 0 °)) 

intertwines the operators Sp,^,. and 

Proof. This is a simple combinatorial check. The upshot that being well-defined 
on ^adm{F^ (g 0 l(oo | 00 )) as opposed to the 0 [(N)-case follows from the fact that any 
increase of N-degree comes with a factor Tr(l) which is zero for gl{N \ N). □ 

Let ^adm{^oo\co)[[M] denote the space of sequences of admissible functions on the 
spaces (^]v|N with a formal parameter A. As before, we can define the open-closed 
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BV operators and RG flow operators on each space There is something 

special, however, that happens in the supergroup case. 

4.4.2 Definition-Lemma. Suppose that {/n}, {S'n} admissible sequences of functions in 

Tliai scare {3p(,_t)c/N}, {AJ/n}, {3p(,,l)o.»i»/n}. {{/n.^nIl), 

K/n-Sn}?'"'"}. 


f*) 

We will denote the corresponding operators on ('^'»|oo) by 


a aC 3 aO'“|“ r \C r 

®P(e,L)C/ Op(e £)0,oo|oo, ~Sir ~ Jp 


I O,oo|co 


The key difference with the g[(N) case is that, in the qI{N) case, the open-string 
BV operator and RG flow operator can increase the N-degree. (Recall that a sequence 
of functionals {/n} is weakly admissible with N-degree k if the sequence N^^/n is 
admissible). In the 0 l(N | N) case, these operators preserve the functionals of N- 
degree zero, and so the class of admissible as opposed to weakly admissible sequences. 


Proof. It is clear that the operators coming from the closed-string sector preserve the 
class of admissible sequences of functionals. We need to check the statement for the 
operators coming from the open-string sector. Since the BV bracket is 

determined by the BV Laplacian it suffices to check the desired property for 

the operators and 9p(ep)o,N|N. 

Both cases follow from lemma 4.4.1. □ 


Let ffadm{^oo\co)[[M]+ denote the subspace of ffadm{Eao\co)[[M] consisting of series 

where Ig^h has weight h (see Definition 2.1.3) and Jo,o and J 04 are at least cubic. 

4.4.3 Definition. A quantum open-closed BCOV theory for the supergroups qI{N \ N) is a 
collection of functionals I[L] G ffadmi^caico) satisfying the axioms listed in definition 4.3.1. 


The main result of this section is the following. 

4.4.4 Proposition. A quantum open-closed BCOV theory for the supergroups gl{N \ N) is 
the same thing as a quantum open-closed BCOV theory for the ordinary groups gl(N) where 
we work modulo N as in definition 4.3.4. 
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Proof. As we have seen, there is an isomorphism between the space ffadm{<^oa\oo) of se¬ 
quences of admissible functions on (%|n and the space of sequences of ad¬ 

missible functions on This implies that a functional f[L] G ^Hdm('^oo) [[A]]+ defin¬ 
ing a modulo N quantum theory can be viewed as a functional in ^flrfm('Co|oo)[[A]] + 
defining a supergroup theory. It remains to check that this isomorphism respects all 
the axioms. The compatibility of the RG flow axiom and the quantum master equation 
axiom with this isomorphism follows from lemma 4.4.1. □ 


5. Existence and uniqueness-Local theory 

One of the main properties of quantum field theory is locality. This allows us to 
build up the whole quantum theory from local data on the underlying manifold. Our 
main result in this first paper of this series is to prove that there exists a unique quanti¬ 
zation on the local piece of a Calabi-Yau manifold, i.e., on C”, satisfying obvious local 
symmetries. Since the local theory illustrates the main structures of open-closed BCOV 
theory, we will describe the construction in detail. The main tool of the construction is 
the obstruction theory for perturbative quantization developed in [Cosll]. 

We will construct the theory modulo N, in the sense explained in definition 4.3.4. 
Equivalently, this means that for the open string sector we use the supergroups qI{N \ 
N) instead of g[(N). In the language of Riemann surfaces, it means that we will con¬ 
struct the theory without free boundaries. 

The main theorems we will prove in the rest of the paper are the following. 

Theorem A. Let Xhea Calabi-Yau manifold with an action ofC^ which rescales the volume 
form (we call such an X conical). Suppose we have constructed a quantum BCOV theory 
which only includes Io,h,n;f when n + h + f < 2. In other words, we ask that we have only 
disk amplitudes with at most one closed-string marked point, and annulus amplitudes with 
no closed-string marked points, satisfying all our axioms modulo higher-order terms. The disk 
amplitudes are specified by the classical limit of our theory. 

Then, there exists a unique quantization of the open-closed BCOV theory on X in a way 
compatible with the given action. 
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What this theorem shows is that, once we can specify certain disk and annulus 
amplitudes, the rest of the theory at all genera can be constructed uniquely The quan¬ 
tization problem is controlled, using results from [Cosll], by a certain obstruction- 
deformation cohomology group. The main point is that there is a cancellation be¬ 
tween the obstruction/deformation group for the open theory and the closed theory 
that appears once we go beyond the annulus level. 

This cohomology calculation does not apply at the annulus level. It turns out that 
there is a cohomology class giving a potential obstruction (or anomaly) to constructing 
the theory at the annulus level. 

Theorem B. On when we work modulo N (that is, use the supergroups qI{N \ N) as our 
gauge groups) then there is a unique quantization at the annulus level. That is, the annulus 
anomaly vanishes (so the quantization exists) and there is no ambiguity in quantizing to the 
annulus level. 

Theorem B will be proved by explicitly computing the annulus obstruction, which 
again vanishes by a marvelous cancellation between open string and closed string sec¬ 
tors. This completes the local theory of quantum open-closed BCOV theory, which 
says that the whole package is completely determined via deformation theory by 
the open string sector (HCSoo) and its first-order coupling with closed string sector 


6. Obstruction theory 

Let X be a conical Calabi-Yau. Thus, X has an action of C ^ which scales the volume 
form with weight w 7 ^ 0. Let us choose a Kahler metric on X which is invariant under 
the inside this . In this section we will prove theorem A. 

The action on X induces an action on the space of fields of BCOV theory, by 
naturality. It therefore induces an action on all spaces of functionals on the space of 
fields. We will denote this action by p. We view as a subset of with coordinate 
y where \p\ = 1. We will extend this -action to the A variable by 


p,,A = 
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The fact that we have chosen an S^-invariant Kahler metric on X implies that 


pA^l) = H pA^l) = P 


-=: -=7* 


while d, d, d all commute with The follow lemma is then an easy consequence. 


6.0.5 Lemma. The quantum master equation and RGflow equation is compatible with S^- 
action in the sense that 


(qoo + + aao) , 


Pti 


= 0 , 


g^^^P{e,L)C ~^^^P(e,L)0,c 


,Pfl 


= 0 . 


6.0.6 Definition. A quantum open-closed BCOV theory I[L] = [h]G 

5^-invariant iflg,h;f of weight —{2g — 2-\-h + f)w under the S^-action 


or equivalently f[L]/A^ is S^-invariant. Similarly, if we work with an S^-invariant quantum 
open-closed BCOV theory modulo N for I[L] = fg;,[L]A^^+^ G ^adm[[M]+> require 

that 




By Lemma 6.0.5, the definition of S^-invariant quantum open-closed BCOV theory 
is compatible with quantum master equation and RG flow equation. We will analyze 
the obstruction problem of constructing S^-equivariant open-closed quantum BCOV 
theory on X. 

6.0.7 Definition. Let =^(X) (or just ATj he the simplicial set of -invariant quantum open- 
closed BCOV theories on X, defined modulo N. The zero-simplices of this simplicial set are 
quantizations in the sense discussed above. The n-simplices are families of quantizations over 
forms on the n-simplex, in the sense explained in [Cosll]. 


We will use an inductive argument to analyze possible quantizations. 

6.0.8 Definition. We define an ordering on IN x IN by 

{gi,Ri) < igi^Ri), ifgi < gi,orgi = g2,Ri < Ri- 

6.0.9 Definition. We define to be the simplicial set of -invariant quantum 

open-closed theories where the functionals Ig^h,n[^ are defined for {g,h-\-n) < {G,R). Let 
jx) denote the simplicial set where the functionals are defined for {g,h n) < 
{G,R). (Recall that n is the number of closed-string inputs and fg,;i[L] = Jg/, „[L]). 
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This definition makes sense, since the RG flow equation and quantum master equa¬ 
tion for the functionals Ig^h,n [k] where {g,h-\-n) < (G, R) do not depend on the func¬ 
tionals Ig^ii^„[L] where {g,h + n) ^ (G,R). 

The results of [Cosll] imply that the simplicial sets (^x) are Kan complexes 

and the maps (x) —)■ ^<(G,R) ^x) are Kan fibrations. 

The main theorem of this section is the following. 

6.0.10 Theorem. For {g, R) with g > 0 or g = 0, R > 3, the map 

^<(xR)(X) ^ £r<gR-F^x) 

is a weak equivalence. 

6.0.11 Corollary. The map ^{X) —t is a weak equivalence. 

The corollary is immediate: =;7(X) is a limit of an infinite sequence of fibrations each 
of which is a weak equivalence. 

The proof of this theorem will take up the rest of this section. 

The first thing we need to know is a result from [Cosll], which describes the obstruction- 
deformation complex for lifting from ^<(G,R) ^(G,R) terms of a complex of local 

functionals. 

Since X is non-compact, it is useful to take our fields to have compact support. Let 
(Pc,N denote the space of fields with compact support, where on the open sector we 
use the gauge group gl(N). Let ^adm,ioc{^c,o:>) denote the space of admissible local 
functionals. 

It is useful to shift the cohomological degree and the action on this space of 
admissible local functionals. 

6.0.12 Definition. Let {^c,oo) denote the space of admissible local functionals but with 

a cohomological shift, whereby the functionals of weight h are shifted by [h{d — 3 )]. The graded 
vector space ioci^c,oo) acquires a differential given by combining the linear differential on 

the space of fields with bracketing with our classical action functionals Jo,i,o ^nd lo,i,i- 

The space of admissible local functionals has an action coming from that on the space of 

fields by Lie derivative. Let us give a slightly different action on 
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that acts on the open-string fields in the usual way, by Lie derivative, hut that acts on the 
closed-string fields PV(X)[[t]] via the Lie derivative on forms on X, using the isomorphism 
PV(X) = Q*'* (X) coming from the holomorphic volume form on X. This shifts the weight of 
the action on PV(X) by w. 

Let 

^h,n C ^’adm,loc{<^c,oo) 

be the subcomplex of those local functionals I which are homogeneous of weight n 
as a functional on PVc(X)[[f]][2] and admissible of of weight h as a functional on 
Q°'*(X)[l]^g[jv. Let 

~ ® ^h,n- 

h+n=R 

Vr is a subcomplex of /oc(^o«>)- Th^ differential, explicitly, is 

Qoo + {fo,i,0/ + {^0,1,1/ “I''/ ^0,1,0 = ^0,1,1 = iL 

This differential commutes with the action on Vr (where we use the modified 
action as discussed in the definition of ioci^c,ca))- Let denote the subspace of 
weight k under this action. 

The main result of [Cosll], in this situation, says the following. 

Proposition. The obstructions to lifting a theory in (x) to (x) lies in 

^{d-3){2g-2)+l^y^-2g-R)wy 

The cohomological shift by {d — 3){2g — 2) arises because the functionals have co- 

homological degree {d — 3){2g — 2 + h), and the {d — 3)h shift is already account for in the 
definition of /oc('^uoo)- weight under the action reflects the weight required to have 
an S^-invariant quantization. 

In addition, if the obstruction vanishes, the set of possible lifts up to homotopy is a torsorfor 

p^(d-3)i2g-2)^y^-2g-R)ws^_ 

More generally, the simplicial set of possible lifts is a torsor for the Dold-Kan simplicial 
Abelian group associated to the cochain complex vj^ — 3) (2^ — 2)]. 


The theorem will follow from the following proposition. 
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(k) 

6.0.13 Proposition. The complex has zero cohomology unless k = 0, and 

) = H,*R(X)[ 2 d] ^Sym^ (C((0)[2 - . 

This immediately provides a proof of the theorem. The point is that the obstruction- 
deformation complex for lifting from ^<{g,R) jg y{2-2g-R) _ 3 ^ ^2g — 2)], 

and according to the proposition this is zero if 2 — 2 ^ — R 7 ^ 0 , showing that there is a 
unique (up to contractible choice) lift to the next order. 

6.1. Proof of the proposition. The proof of this proposition will occupy the rest of 
this section. 

The results of [Cosll] allow us to describe the cohomology of the complexes of local 
functionals in terms of jets of the space of fields. The space 

4 , = PV(X)[[f]][2] © q0'*(X) © 0 [j^[l] 

of fields is the space of smooth sections of a graded vector bundle on X which we 
denote En- Let / (£n) denote the bundle of jets of E^, and for x G X, let denote 

the fibre of this bundle at x. Concretely, 

/.(En) = /.(PV)[[f]][2] ©/,(Q0'*) ©0 [n[1] 

where, if we choose coordinates near x, we can write the spaces of jets of pol 3 wector 
fields and of jets of the Dolbeault algebra as 

jx{py) = c[[zi,di,zpdzj]] 

/,(Q°'*) = C[[z,-,Z;,dzy]]. 

Here the generators dzy and 9/ are of cohomological degree 1. 

Let denote the bundle on X of algebras of functionals modulo constants 

on the bundle of jets. The fibre of ^(/(En)) at x is defined to be the completed non¬ 
uni tal symmetric algebra of the topological dual of Jx{E]^). 

Recall that sections of a jet bundle are always a D-module (or, equivalently, an 
infinite-rank vector bundle with a flat connection). Here D is the sheaf of smooth 
differential operators. If we choose local coordinates on a neighbourhood U of x E X, 
we can trivialize the jet bundles near x (as above). The sections of the jet bundle on U 
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can be described as 

= {U)[[zi,di,Zj,dZj,t]] e {U)[[zi,Zj,dZj]] (8)01^. 

In local coordinates, the algebra D(L1) of differential operators on U is 

D(U) = C”(U) 

The sub-algebra C“(L1) of D{U) acts on T{U,}{E]si)) in the evident way. Thus, the 
D-module structure, in coordinates, is determined by the action of the commutative 
algebra C[j|-, of constant-coefficient differential operators. By the Leibniz rule, it 
suffices to say how these constant-coefficient operators act on constant sections of the 
jet bundle in our chosen trivialization. In the concrete expression given above for the 
space ]x{En) of constant sections, the action of ^ and ^ on /o(PV) and /o(n'^'*) is 
given by minus the evident derivations. 

With these conventions, one checks that a flat section of /(En) - that is one anni¬ 
hilated by all the ^ and ^ - is precisely the jet of an actual smooth section of the 
bundle E^. 

By naturality, the bundle of algebras ^(/(Ejv)) is a D-module as well. Then, there 
is an isomorphism of graded vector spaces 

^(/(En)))- 

Here refers to the sheaf of top forms on X, which is a right D-module. We are 
tensormg the sheaf of right modules with the sheaf of left modules 
over the sheaf of differential operators D, and then taking global sections. 

Let ^fldm(/(Eoo)) be the bundle of admissible sequences of functions (in the same 
sense as before, and recall that it is defined modulo constants) on the sequence of 
bundles /(Ejv). Let ^admO same thing but with the shift in cohomological 
degree described above, whereby functions of weight h are shifted hy [{d — 3)h]. Then, 
the space of admissible functionals ^ similar description, 

Kd.n,loA^c,oo) = r(X,Q^'‘'^D KctmiJiEc.))). 

It turns out (see [Cosll]) that the D-module of functions on jets is always flat, so 
that we can replace the actual tensor product by the derived tensor product to find a 
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quasi-isomorphism 

Kdm,locM ^ <,^(/(£»))). 

Finally, using the canonical Spencer resolution of the right D-module by flat D- 
modules one finds a quasi-isomorphism 

On the right hand side we have the de Rham complex of X with coefficients in the 
D-module ^admiJ (£oo)), with a shift by 2d. 

We let 

(+) 

Wr= 0 Sym'(/(PV[[f]])[2]V)OSym^'(Cyc(/(Q«'*)V[-l])[d-3]) C<,,(/(E^)). 

i+i=R 

Then, Wr is the D-module version of the complex 1/r C have a 

quasi-isomorphism 

Vr ^ Cl*'*{X,WR)[2d]. 

If we want to compute the cohomology of Vr, we can use a spectral sequence ar¬ 
gument. Since Q*'*(X, Wr) is a double complex, with one differential coming from 
that on the dg D-module Wr and the other being the de Rham differential, we can 
apply the spectral sequence for a double complex. This yields a convergent spectral 
sequence of the form 

HI^{X,HP{Wr)) ^ HP+‘^-^^iVR). 

To compute the first page of this spectral sequence, we need to compute the coho¬ 
mology of the dg D-module Wr. We find the following. 

6.1.1 Proposition. The cohomology o/Wr is the trivial D-module with fibre the space Sym^ (C ((f)) [2 

d]V). 

Proof of the proposition. We will compute the cohomology of Wr locally on X, in local 
coordinates. So let us assume for now that X = C'^, and work near the origin 0 G C'^. 

Let /o(Eoo) denote the fibre of the jet bundle at the origin, and consider the space 
^admUoi^co)) of admissible functionals. Inside this we have the fibre Wr q of Wr at the 
origin. We will compute the cohomology of Wr q. 
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We can write 

KdmiUE^)) = ^(/o(PV[[t]])[2])^S^(Cyc(/o(QO'*)^[-l]) [d-3]) 

modulo constants and 

Wr,o= 0 Sym'(/o(PV[[t]])[2]V)^Sym^(Cyc(/o(Q°'*)^[-l])[d-3]) C<,,(/o(£co)). 

i+j^R 

We will prove that the cohomology of Wr^q is isomorphic to Sym^ (C((f))[—d]). The 
differential on the whole complex preserves the decomposition into the product of the 
spaces Wr 0 / so this will prove the result. 

Let us filter Wr^q by saying that is the subspace which can be expressed in this 
way where i < k. 

The differential on our complex has four terms. Two of these terms come from the 
linear differentials 3 + fd on PV[[f]] and 3 on Q®'*; the other two come from bracketing 
with the classical action functionals fo.i,o arid 

All these terms preserve this filtration, and on the associated graded we forget the 
term coming from ■ 

In the first page of the spectral sequence associated to the filtration F^, we thus need 
to compute the cohomology of the complexes (t) with the differential arising from the 
linear differentials on PV[[f]] and and from the classical action functional fo,i,o- 

The key fact we need is that the term in the differential corresponding to gives 
precisely the differential on the cyclic cochain complex of the commutative algebra 

/oQ°'* =C[[zi,z,-,dz,-]]. 

This follows from Tsygan and Loday-Quillen's theorem on cyclic homology [Tsy83, 
LQ84]. As, fo,i,o comes from the holomorphic Chern-Simons interaction on and 
thus gives the Chevalley-Eilenberg differential on C* Tsygan and Loday- 

Quillen show that as N —?■ oo this becomes the cyclic differential. 

So, we see that the cohomology of the associated graded is 

Sym'H* (/oPy[[f]][2]'') ^Sym^' (HC* (/oQ°'*) [d - 4]) 

where HC* refers to cyclic cohomology. 
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Now, we apply the Hochschild-Kostant-Rosenberg theorem to compute cyclic coho¬ 
mology of /oO®'*. /oO®'* is quasi-isomorphic to the power series algebra C[[z,]]. Thus, 
we find that cyclic homology of is 

HC*(/oQ°'*) = (riC[[z,-,dzi]][ri][-2],fd,R) . 

Here, dz; is of cohomological degree —1. Thus, cyclic homology is built from forms on 
the formal disc Spec C [ [z/]]. 

Now, because we are working on a Calabi-Yau, we can use the volume form to iden¬ 
tify forms with pol}wector fields. Let PV(Drf) denote holomorphic pol 3 wector fields 
on the d-dimensional formal disc SpecC[[z;]]. Then, we can rewrite cyclic homology 
as 

HC*(/oQ°'*) = ripv(Drf)[ri][d-2] 

with differential td. Taking into account the degree shifting of h{d — 3) which we've 
been carrying along, we have shown that the fiber of associated graded of our complex 
is quasi-isomorphic to 

Q*'* [2d] Sym^ (PV(D„)[[f]] [2] © FV{D„)[r^] [2])\ 

The differential is td on each summand, but it does not map t^^ PV(D„) [f^^] [2] to 
PV(D„)[[f]][2]. 

6.1.2 Lemma. The differential on the next page of the spectral sequence arises from the map 

ctd : f-ipV(D„)[2] ^ PV(D„) 
where c is a non-zero constant. 

Remark: The constant c is in fact determined by the annulus anomaly cancellation con¬ 
dition. See Theorem 7.2.2. 

Proof. The differential on the next page of the spectral sequence is given by { — }^ 

The closed string BV bracket is represented by the kernel of the operator 

3 : PV(X) —> PV(X), which is (9 © f)Soiag where do/ag is the d-current on the diag¬ 
onal of X X X, viewed as a pol}wector field via the isomorphism between forms and 
pol}wector fields. In particular, it only involves the component f°PV(X) of the full 
closed string fields PV(X)[[f]]. For p G PV(X), 

A) = c f Tr(A A 9A A ■ • • A 9A) A (u L Qx) 

Jx 
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which represents the natural pairing between PV(X) and the hochschild chains of 
Q°'*(X). It follows that (j^al of 

// : Cyc(Q°'*(X)) ^ PV(X) 

where ?/(Ai (8) • • • <8) Aj^) is identified with c{dAi A • • • A dA^) under the natural isomor¬ 
phism between PV(X) and Q*'* (X) with respect to Qx- The lemma is a local statement 
of this at a fiber of the jets. 


□ 

This lemma shows that, after taking cohomology on this page of the spectral se¬ 
quence, we find 

Wr,o - Sym« (C ■ (di A • • • A ad)((f))[2])'' . 

as desired. It is easy to verify that the D-module structure on the bundle with fibre 
Wr^o is trivial, thus completing the proof of the proposition. □ 

This completes the proof of the theorem that the map ^<{g,R) ^ is a 

weak homotopy equivalence as long as 2g — 2 -|- R > 0. That is, once we have con¬ 
structed fo, 2 ,o[h], then we obtain a unique (up to homotopy) quantization for 

all ig,h,n). 

6.2. Theorem A on C'^. In this section, X will denote the Calabi-Yau manifold C'^, with 
linear coordinate Zi, • • • , z^. The holomorphic volume form is chosen to be 

Qx = dzi A • • • A dzd- 

Let us explain in this section how to modify Theorem A proved above, stating that 
there is a quantization beyond the annulus level, to the case of C'^, where we in addi¬ 
tion assume that our theory is translation invariant. 

We choose the standard Kahler metric j dz,- A dz, to define our gauge fixing. 

A quantum BCOV theory on 0“^ is translation invariant if each lg^h,n [^ is invariant 
under the action of the Abelian group acting on everything. We need a stronger 
notion of translation invariance called holomorphic translation invariance. 

Notice that our spaces of fields on are of the form 

4/= Q°'*(C‘^) O Vn 
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where is the graded vector space 

where the variables for i = 1,... ,d, have degree +1. 


The operator of contracting with the vector field maps to (C'^) 

by removing one copy of dz, with the appropriate sign. The Cartan homotopy formula 
tells us that 



The operator extends to an operator on the space of fields Q°'*(C‘^) ® by ten- 
soring with the identity on and satisfies the commutation relation 



Qn/ 


where Qn is the linear differential on the space of fields. 


By naturality, the operators extend to derivations which we denote by same 
notation on the spaces of functionals on the space of fields. One can check that the 
classical action functionals fo,i,o arid satisfy 

^ 0 , 1,0 = 0 ^ 02 . ^ 0 , 1,1 = 0 - 

6.2.1 Lemma. The operators commute with the RGflow operator from scale e to scale L 
and with the BV Laplacian of scale L on the space ^{S’c^n)[[M]+- Turther, is a derivation 
for the scale L BV Poisson bracket. 


Proof. This follows from the fact that commutes with the order two differential 
operators A®, A^, ^p{€,l)o and 3p(e^L)c- D 

6.2.2 Definition. A quantum BCOV theory on (working, as usual, modulo N) is holo- 
morphically translation invariant if it is translation invariant and if each I[L] is in the ker¬ 
nel of the operators i^- . Let denote the simplicial set of holomorphically translation- 

invariant and U{d)-invariant quantum BCOV theories on C‘^, working modulo N. As in 
definition 6.0.9 let and ^<(G,R)^(prf^ denote the corresponding simplicial sets 

where we work up to order < {G,R) or < {G,R). 

Remark: By U{d) invariance we mean a theory that is SU{d) invariant and where under 
the remaining in U{d'), which scales the volume form on C‘^ with weight d, each 
lg,h,n m is of weight —d{2g — 2-\-h). 
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We will prove that there is a unique holomorphically translation-invariant BCOV 
theory on any C‘^ (where d is odd). The first step is to prove, just as we did for theo¬ 
ries without the holomorphic translation-invariant condition, that once we construct 
a quantization at the level of annuli we automatically get a full quantization. This 
follows from the next theorem, which is the analog in this context of theorem 6.0.10. 

6.2.3 Theorem. For (g, R) with g > 0 or g = 0, R > 3, the map 

is a weak equivalence. 

The proof is along the lines of the proof of theorem 6.0.10, and will take the rest of 
this section. We will analyze the obstruction-deformation complex for quantizing the 
holomorphically translation invariant theory. As above let 

VN-0iN[i]©c[a,][[f]][2]. 

In the notation of the proof of 6.0.10 we defined 

£n = VN[dZi] = Ql^[dZi][l]+C[dpdZi][[t]][2] 

so that our space of fields is the space of sections of the trivial bundle on with fibre 
E]v. Here dZ; and 9; have cohomological degree 1, and the indices i,] run from 1 to d. 

Let 


/o(£n) = Ef.j[[zi,Zj]] 

= Vf.][[zi,Zj,dZk]] 

be the fibre at zero of the jet bundle associated to the trivial bundle with fibre Ejq. In 
the proof of theorem 6.0.10 we saw how to express the obstruction-deformation com¬ 
plex for quantizing BCOV theory in terms of a D-module built from the complex of 
admissible functions on /o(£n)- We will do something similar for the holomorphically 
translation-invariant case. 

Note that /o(£n) is acted on by the Abelian Lie algebra spanned by ^ and 
by differentiating formal power series in the evident way. This is the Lie algebra 
of complexified translations on It is also acted on by the larger Abelian graded 
Lie algebra 0 C‘^[l] whose odd elements are spanned by The operator 
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is the same as the operator of contracting with ^; we use the notation to avoid 
confusion at this stage. 


As in the proof of theorem 6.0.10 we let ^(/o(En)) denote the functionals modulo 
constants on Ej^, which is the non-unital completed symmetric algebra of the dual 
of /o(£n)- By natural!ty, is acted on by the Abelian graded Lie algebra 

£ 2 d 0 which acts on /o(En)- Let 


UqIA = C 


d d 

dZj' dZj j 


U, 




c 


9 3 3 

dZi' dZj' ddZk 


denote the universal enveloping algebra for the Abelian Lie algebra and 0 
C‘^[l] respectively. 


Hom(/o (£n) / C) is the space of translation-invariant differential operators from the 
space S’jq of fields to the space C“(C‘^). Any sequence of elements 

Di,...,D„e Hom(/o(£N),C) 

of such differential operators gives rise to a translation-invariant local functional on 
<^c,N by the formula 

for e G S‘c,N- 


This expression gives rise to an identification 

^(/o(£n)) = ^IocKn^ 

between translation-invariant local functionals and the tensor product of the left mod¬ 
ule ^(/o(£n)) over U^id with the trivial right module of rank one Qg'*^. (We think of 
□ 0 '“^ as the space of translation invariant (d, d)-forms on C^^). Tensoring over U^id has 
the effect of removing those Lagrangians which are total derivatives. 

There is a similar description of holomorphically translation invariant local func¬ 
tionals using UQ 2 d\d instead. Since the Lie algebra 0 €^^[1] acts on the 

universal enveloping algebra Uf^idid of this Lie algebra does as well, and by differen¬ 
tial operators. The algebra UQ 2 d\d is precisely the algebra of differential operators from 
QO'* (C^) to itself which commute with the action of the extended translation Lie alge¬ 
bra 0 C‘^[l] (whose odd elements act on Q^'*(C‘^) by contraction with the vector 
fields ^). We can thus think of A as being the algebra of constant-coefficient differen¬ 
tial operators on the graded manifold whose functions are OP'* (C'^). 
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In a similar way, we can consider the differential operators 

= n^'*{c^VN) 

which are constant-coefficient, in the sense that they commute with the action of the 
graded Lie algebra 0 €“^[1]. The collection of such differential operators will be 

denoted by Diff^ {S’n, (C‘^) ). Every such constant-coefficient operator is ob¬ 

tained by combining a linear map 14 / C with an element of U( 22 d\d, which differen¬ 
tiates the variables Z/, Zj and dz^. 

Thus, we have natural isomorphisms 

Diff®'‘'®®‘'[i](4j,nO'*(C‘^)) = Hom{V^,Uc2d\d) 

= Hom(V4[[z/,4, dZfc]],C) 

= }o{E^y- 

Here we are using the fact that we can identify Ll£ 2 rf|d with the linear dual of the power 
series algebra C [ [z/, Zj, dz^] ] ■ 

Thus, /o(En)^ is the space of differential operators from S’n —t O®'* which commute 
with the action of the graded Lie algebra 0 €“^[1]. 

If Di,..., D„ G /o(£n)^ are such differential operators, we can construct a holomor- 
phically translation-invariant local functional on (§fq by the formula 

e i-> / P^dZiDi(e) A • • • A D„(e). 

J 

On the right hand side we are wedging the elements D, (e) G Q0'*(C‘^) and integrating 
against the holomorphic volume form. Since the integration map in the Dolbeault 
complex is of cohomological degree —d, this map is of degree —d. 

This gives us a map 

n>0 

(on the right hand side, we are using the fact that holomorphically translation-invariant 
local functionals are precisely those invariant under the graded Lie algebra 0 

cli]). 
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There is some redundancy in this description of holomorphically translation-invariant 
local functionals, because of total derivatives. If we take care of this, we find an iso¬ 
morphism 

^(/o(£N))[dl = 

Here the line of translation-invariant (d,0)-forms is made into a right UQ 2 d\d- 
module in the trivial way 

We will use this description of holomorphically translation-invariant local function¬ 
als to compute the obstruction-deformation complex for quantizing the theory on C'^. 


6.3. Admissible functions. As discussed earlier, we let ^adm (/o (£<») denote sequences 
of admissible functions on /o(£]v), and we let &adm,ioc{^c,oa) denote admissible se¬ 
quences of local functions on Sc,N- We let ^admihi^oo) and G'adm;ioX^<^,°°) denote the 
same objects, except where the cohomological degree of the space of functions of 
weight h is shifted by [h{d — 3)]. Everything in sight has an action of U{d) = SU{d) x 
S^. We change the action, as in the proof of theorem 6.0.10, on ^admOoi^^) 

^adm ;oc('^o“) that the action on pol}wector fields is the natural action on forms 
by pull-back, where we identify polyvector fields and differential forms using a cho¬ 
sen holomorphic volume form. 

The graded vector space ^admhi^N)) has a differential, as in the proof of theorem 
6.0.10, arising from the linear differential Q on the space (fw of fields together with 
bracketing with fo,i,o arid Similarly the space ^adm ioci^i:,N) of local functionals 
has a differential. The Lie algebra 0 C‘^[l] of extended translations has a differ¬ 
ential too, which sends to ^. The Cartan homotopy formula (see above) tells us 

that the dg Lie algebra 0 C‘^[l] acts on the cochain complexes ^adm,ioc{^c,N) and 

(^(/o(En)) in a way compatible with the differentials. It follows that the sub-space 
of invariants under the Lie algebra 0 C^^jl] is a sub-complex of ffioc{^c,N) of local 
functionals. The discussion above now tells us that we have an isomorphism 

of cocharn complexes. Here we must treat as a dg commutative algebra, the 
universal enveloping algebra of the dg Lie algebra 0 
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Now, ^arf„j(/o(£oo)) is a flat Li(- 2 dd-module so we can replace the tensor product by a 
derived tensor product. This gives us a quasi-isomorphism 

The dg algebra U^^idid is quasi-isomorphic to the sub-algebra C[^] of constant- 
coefficient holomorphic differential operators. This implies that we have a quasi¬ 
isomorphism 

Using a standard resolution of Qq'*^ as a right C [^]-module leads us to a quasi-isomorphism 
KMEN))ldz.]l2d] zz 

On the left hand side of this quasi-isomorphism the complex ^arf„j(/o(£oo)) [dz,] is 
equipped with the de Rham differential as well as the internal differential on KdJJoiEo.)). 
In other words, the left hand side of this equation is the translation-invariant subcom¬ 
plex of the holomorphic de Rham complex of C‘^ with coefficients in the dg D-module 

^fldm(/o(£oo)). 

6.4. Completion of the proof. Let 

be the subcomplex of holomorphically translation-invariant local functionals on 
sparmed by functionals of weight h and homogeneous of degree n as a function of the 
closed string inputs. Let 

0 ^h,n- 

h-\-n=R 

Vr is a subcomplex of ^rid has an action induced from that on 

the larger complex. Let 

^h,n C KdmiHEoo) 

be defined analogously to 14 and let 

Wr= 0 Wh,„. 
h-{-n=R 

Then, there is a quasi-isomorphism 

Vr ~ (Wr (g) C[dz,] [2d], dwj, + drfR). 
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Let and denote the subspaces of Wr and Vr where the inside U{d) acts 
by weight k. 

The obstruction theory developed in [Cosll] tells us that the obstruction to lifting a 
theory in to one in (C‘^) is an element in the SLf(d)-invariants in 

^(d-3)(2g-2)+l^y^(2g-2+R)i^ 

and that if there is no obstruction, the set of lifts is a torsor for the SLf(d)-invariants in 

We will show that H* ) = 0 if /c < 0, thus completing the proof of the theorem. 

There is a spectral sequence which allows us to compute the cohomology of Vr in 
terms of that of Wr, of the form 

H*(WR)[dz,][2d] ^H*(yR). 

We know from 6.1.1 that 

H*(Wr) =Sym«(C((0)[2-d]'') 

and that the U{d) action on this is trivial. It follows immediately that the cohomology 
of Vr is concentrated in non-negative S^-weights, as desired. 

This completes the proof of the theorem. 

7. Annulus anomaly cancellation 

To complete the proof of the existence and uniqueness of the quantum BCOV theory 
on X = C^, it remains to prove that we can construct the theory at the annulus level. 
We will do this in this section. 

Since we need to analyze the theory on very explicitly to prove this result, it will 
be helpful to write out explicitly the regularized kernels for BV operators and prop¬ 
agators. We choose the standard Kahler metric ^ dz, A dz, to define our gauge 
fixing. Then, we have 

npz, - 3=., ) e PV(x X X), 
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where {zi}, {wi} denote linear coordinates on X x X, and \z — zv\ = y Ef=i ~ 

The closed string BV operator A® is the second order operator associated to the kernel 


,.|2 


(3<^1)XC = 


__ y 


^ g-|z-t<,|V4L 


4L 


YlidZj - dWj) n(9z; - dmj), 

;=1 j^i 


and the closed string propagator P(e, L)*" is the kernel 


dt{d 3(^l)Xf = 


dt- 


le 


Zi — Wi 

At 


^^ 'i p-\z~wflU 

At 


YlidZk - dwk) 

k^i k^i 


Similarly, the BV operator for the open string A® is associated to the kernel 


^ (AnLY ^ “’l"^^^n(dz,- - dwi) (g) G Q°'*(X x X) (g (g^ (g) gl^). 


where Id^i^ = Sij (g) eji G gljv fllw/ the matrix with entry 1 at the z-th row and 
j-th column and zero otherwise. The open string propagator P(e, L)^ is the kernel 


df(3"(gl)Xp = 


df 


(47rf)‘^ 


L - 


Zi — W- 


At 


i \ ^-\z-w\^/4t 


Ylidzj - dwj) (g Wg(^. 


In the previous section, we have reduced the construction of quantization of open- 
closed BCOV theory to fo, 2 ,o[h], the annulus functional with two boundaries and with¬ 
out closed string inputs. We need to do two things: first, show that any possible 
anomalies to constructing fo,2,o (satisfying the master equation) vanish. And secondly, 
show that there is no ambiguity to constructing fo, 2 ,o [k]. 

The first thing we need to do is to compute the cohomology groups controlling 
quantization to the annulus level. Let Vg f^ n refer to the obstruction-deformation group 
controlling possible terms in the action functional of type (g, h,n). Thus, Vg h „ is built 
from certain holomorphically translation-invariant functionals of weight h, with n 
closed string inputs, which are SLf(d)-invariant and have the correct scaling weight 
under C U{d). Since fo, 2 ,o has cohomology degree 0, we see that at the annulus 
level, H^(Vo, 2 ,o) describes obstructions and H°(Vo, 2 ,o) describes deformations. 

7.0.1 Proposition. We have H'(Vo, 2 ,o) = 0 if i < 0, and H^(Vb, 2 ,o) is of dimension {d — 
l)/2. The possible anomalies are the functionals of A G Qc'*(C‘^,gl2v/) 

Jjr {A{dAy) Tr (^(3A)‘^-'') 
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for 1 < r < {d — 1)/2. 

Proof. The relevant obstruction-deformation complex is the holomorphically translation- 
invariant local functionals just of the open-string fields, which are admissible of weight 
2. The differential is 9 -|- {fo,i, 0 / ~}*^- 

Let us first describe the complex of holomorphically translation-invariant local func¬ 
tionals for the open string sector. The space of fields in this case is just Q°'* (C'^, gl]^) [1] • 
The space of jets at the origin of fields is 

/o(n°'*(C^g[N))[l] = C[[z;,Z;,dZjt]] (8)glN[l]- 

Using the discussion in the proof of theorem 6.2.3, we find that for the glj.^ holomorphic 
Chern-Simons gauge theory the complex of holomorphically translation-invariant lo¬ 
cal functionals is 

(+) ^c[a,,] CUC[[zi,Zj,dzu]] ^ g[j,)[d] 

where indicates the reduced Chevalley-Eilenberg cochain complex of the dg Lie 
algebra C[[z,,Zy, dz/t]] ® gl^. The differential of the dg Lie algebra is the jet of the 9 
operator which sends zy —> dzy. 

Since C[[zi]] (8) gljv is a quasi-isomorphic sub dg Lie algebra which is preserved by 
the operators we find that a complex quasi-isomorphic to (t) is 

Since we are looking at admissible functionals (as N varies), the Tsygan-Loday-Quillen 
theorem tells us that we can replace Lie algebra cochains by the symmetric alge¬ 
bra of cyclic cochains of C[[z,]]. Let Qg* denote the algebra of differential forms on 
the formal d-disc, graded so that f-forms are in degree —i. The Hochschild-Kostant- 
Rosenberg theorem tells us that the cyclic cohomology of C[[z;]] is the dual of the 
complex {D'^) with differential fd^R. Here f is a parameter of degree 2. 

We thus find that the complex of all admissible holomorphically translation-invariant 
functionals is 

where indicates functionals modulo constants. 


QUANTIZATION OF OPEN-CLOSED BCOV THEORY-I 


67 


Our obstruction-deformation complex is the subcomplex of weight 2, namely 

The linear dual of the space C[[zf]] is the algebra Dq = C||-| of constant-coefficient 
holomorphic differential operators. It follows that the linear dual of QC* is Do[a;] 
where the variables «,• have weight +1. Therefore we can write our obstruction- 
deformation complex as 

Q^'°oj3oSym2(Do[K,f]][-l])[d]. 

Since tensor powers of Dq are flat as Do-modules we can replace the derived tensor 
product by an actual tensor product. Let us also replace the symmetric square by the 
tensor square for now; we will take the invariants for the group Sz at the end. 

There is a natural isomorphism 

(Do Do) = Oo'^ <8)c Dq. 

Thus, we find that our obstruction complex is the Si-invariants in the complex 
(7.0.1) (^c (C[[<Xi,t]] DoiWiJ]]) [d-2]. 

This complex has a differential arising from that on the Do-module Dq [ [a,, t] ] dual to 
Qg* . We will ignore this differential for now, and just describe the elements which 
are D(d)-invariant (which, of course, is what we're interested in). 

Under the D(d)-action, the odd variables a; transform like so that the exterior 
algebra C[a,] is the constant poly-vector fields. Thus, under the C U{d) which 
scales C'^, the variables a, have weight —1 and the variables ^ generating Dq = C[^] 
also have weight —1. The basis dzi... dz^^ of Qg'° has weight d. Therefore, the total 
number of A; and ^ that must appear is d. 

Invariant theory for SU(d) tells us that the space of invariants in the dth tensor 
power of the defining representation is of rank one, and spanned by the top exte¬ 
rior power. Therefore, to be invariant under SU{d), an element in C[[a,]]®^ (8) C[^] 
of weight d must be totally antisymmetric. This means that at most one ^ can ap¬ 
pear, because the representation C[j^] of SU{d) is Sym* and SU{d) invariants in 
Sym*^ <S> (C‘^)‘^^^ is zero if 2 < A: < d. 
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We can now describe the U{d) invariants in the complex in equation 7.0.1. For 
any subset I of the set {1,.. .,d} let oci denote the product rTiei ^^id let cljc denote 
the corresponding object associated to the complement F of I. A basis for the U{d) 
invariants is given by the elements 

VrAiM = ±dVol (8) ® 

Ic{l,...,d}, with \I\—r 

^r,ki,k2= ±dVol^0ii\it’^^ 

iei 

The elements f]r,ki,k 2 of degree 2 + 2ki + 2k2, and the elements Fri,)ci,ic 2 degree 

1 + 2ki + 2k2. The differential is of the form 

^{^r,k^,k2') Mr,k^,k2+1 ^ Vr,ki+l,k2- 

We are only interested in the cohomology in degrees < 1. In degrees < 0, there are 
no Lf(d)-invariant elements, and in degree 1 the Lf(d)-invariant elements are }ir,o,o for 
0 < r < d. The elements }ir, o,q are closed, and the S 2 -symmetry (which we have 
been neglecting) sends }ir,o,o •—t ±}id-r,o,o- It follows that the Z/2 and Lf(d)-invariant 
cohomology in degree 1 is of dimension (d — 1) /2, as desired. It is direct to check that 
these elements corresponds to the functionals described in the proposition. □ 

7.1. Cancelling of the anomaly. What we have shown so far is that there is a possible 
anomaly to quantizing the theory to the annulus level, but that if the anomaly vanishes 
the quantization is unique. 

In this subsection, we compute directly that the obstruction to constructing lo,2,o [k] 
satisfying the relevant master equations vanishes. 

We need to recall some details of the construction of quantum field theories in 
[Cosll], and some combinatorial facts about how to write the RG flow in terms of 
graphs. 

We say a labelled graph is a graph T with the following extra structures: 

(1) Every edge (internal or external) is labelled by c or o, indicating whether it is a 
closed-string or open-string graph. 

(2) Every vertex v is labelled by numbers {g, h,n). Also, n is the number of germs 
of closed-string edges incident to the vertex v. The set of germs of open-string 
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edges incident to v is partitioned into h. non-empty subsets, and each of these 
subsets is given a cyclic order. 


We should imagine the vertex v as being associated to the topological type of Riemann 
surface of genus g with h boundary components and n marked points in the interior. 
Each of the boundary components has a certain number of marked points. By glu¬ 
ing together these Riemann surfaces according to how they are marked, one finds a 
new topological type of a Riemann surface which in turn has some genus, number of 
boundary components, and number of interior marked points. This topological data is 
labelled by numbers g(r), h{T) and n(T) which are determined by the combinatorics 
of r. We call (^(r),l2(r),n(r)) the type of T. 

For instance, if all vertices of E are discs and there are no closed-string edges, then 
E is a ribbon graph and ^(E) and h{T) are obtained by the standard combinatorial 
algorithm for thickening a ribbon graph into a topological surface. 


Suppose that 




is a series 

where Ig^h,n is admissible of weight has a function of the open string fields and homo¬ 
geneous of weight n as a function of closed string fields. 


Then for every labelled graph T we can construct 

Wr(P(e,L)C + P(e,L)0'“,f) G ^„i^Kco)[[A]] + 

by placing, on each internal open-string edge, the open-string propagator P^{e, L); on 
each internal closed-string edge the closed string propagator P^{e,L); and on each 
vertex of type (^, h, n) the interaction lg^h,n- The external lines are labelled with open 
or closed string fields to produce an admissible function of the fields. 


Also, as explained in section 4, we can apply the open-closed RG flow 
= A^log jexp (AapO(£,i) + A2apc(e^p)) exp (J/A^) |. 
This RG flow map can be expanded as a sum of graphs: 

Wi-(J) = Y. A2^T)+;,(r) + 

r connected labelled graphs I V /1 
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7.2. Constructing the QFT explicitly. Let us now recall a little about how to construct 
QFTs using the technology of [Cosll]. We will explain how one constructs our BCOV 
theory up to the annulus level. We start with our classical action, which in this case is 

^classical ^ ^ 

One constructs Jo,i,o [h] and Iqxi by 

Jo,i,o[h] =lim Wr(P(e,L)C + P(e,L)0'“ 

r of type (0,1,0) 

Since every graph appearing in this sum is a tree, this limit exists. One constructs 
fo,i,i [L] by the same kind of formula, and again every graph in the sum is a tree. It 
is automatic that the quantum master equation holds for fo,i,o [P] and fo,i,i [P] modulo 
higher-order terms. 

Next, we can try to construct fo, 2 ,o [P] • The idea is that we first define 
^OAolP] = bm X] ^T{P{e, if + P(e, Afo,i,o + Afo,i,i + 

r of type (0,2,0) 

where ^ counter-term introduced to make the e —> 0 limit exist. As ex¬ 

plained in [Cosll], the functional IqJq{£) is local, and is uniquely determined by the 
requirements that the e —?■ 0 limit exists and that, as a functional of e, f^Jg (e) is "purely 
singular". (There is, generally, a choice involved in what it means for a function of e 
to be purely singular, this choice is called a renormalization scheme in [Cosll]). 

One then checks whether or not lo 2 o'^[P] satisfies the quantum master equation 
modulo higher order terms. If it does, then we are done. If not, the failure to satisfy 
the QME will be given by some obstruction Oo, 2 ,o[P]- The limit limp^o C)o, 2 ,o[P] exists, 
and is a local functional which we call Oo, 2 ,o- The element Oo, 2 ,o will be a closed ele¬ 
ment of degree 1 in the obstruction-deformation complex (built from local functionals) 
controlling quantizations of our theory. 

If the cohomology class of Oo, 2 ,o is zero, so that Oo, 2 ,o = d Jo, 2,0 for some local func¬ 
tional Jo, 2 ,Of then we set 

fo, 2 ,o[P] =lim Wr(P(e,L)C + P(e,L)0'~ AJo,i,o + Afo,i,i + A2foCJo(^)-A^/o,2,o). 

r of type (0,2,0) 

The fact that d/ 0 , 2,0 = Oo, 2 ,o implies that Jo, 2 ,o[P] now satisfies the master equation, and 
we can proceed. 
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On the other hand, if the cohomology class of Oo, 2 ,o is non-zero, then we can not 
proceed any further. 

Our goal in this section is to prove the following. 

Theorem. The counter-terms IqIq(£) vanish, and satisfies the quantum master 

equation. 

This will tell us that we can construct the theory uniquely on C‘^ at the annulus level, 
and so proceed to construct the full theory uniquely by the cohomology cancellation 
argument. 

In fact, what we find is that if we just consider the purely open theory, there is 
an annulus anomaly, meaning that pure holomorphic Chem-Simons theory does not 
exist. However, the open string anomaly is cancelled by a contribution from the closed 
string sector. 

7.2.1. Vanishing of counter term. 

7 . 2.1 Lemma. The following limit exists 



Therefore we can choose = 0. 

Proof. There are two types of annulus diagrams. The first one contains a closed string 
propagator connecting two lo,i,i 



Since there is no loop in the diagram, the limit under e —)■ 0 exists. 
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The second type is the one-loop diagram from open string sector. 



To show that the counter-terms from the open-string sector vanish, it suffices to show 
this for diagrams which are wheels, because every one-loop diagram is a wheel with 
some trees grafted on and trees can not contribute any singularities. Recall also that 
our Feynman diagrams are ribbon graphs. However, to show that the counter-terms 
vanish, the ribbon structure on the graph does not play any role, so we will ignore this 
for now. 

Consider the wheel diagram T^ with m -\-\ vertices (and with any of ribbon graph 
structures) 
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Its graph integral can be represented by 


Wr„(P(e,L)0 Ao,--- 


IC^x---xC^ 


m m 


a=0 


cc=0 


where are copies of holomorphic coordinates on C^, = 

n dZj-*^^ is the corresponding holomorphic n-form. G Qc'*(C”) lies on the copy 

t=i 

of C'^ with coordinate P{e, is the regularized open sector propagator con¬ 
necting the vertices where we have identified with 

Claim. Wr„ (P(e, L)®, Aq, • ■ • , A^) = 0 z/?w < d. 


In fact, n ^)aa+i = 0ifm <d — 1 for degree reasons. 

a=0 

m 

To see this, consider the following factor in H a+i 

a=0 



If we change coordinates = z^‘d — z^® ^),1 < a < m, then up to a 

constant, it becomes 

{( E 1''“') I- n f E *»<•’)) n H nd®!*') 

\ \a=l / /=1 \a=l / / a=l \ i=l / 
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where arid h is the contraction. This contains {m + l){d — 1) 




dw; 


dwj‘^^'s, which vanishes for ?w < d — 1 because it is a form of type (0, (m + l)(d — 1)) 
on C'^'” and (m + l)(d — 1} > dm. 


If ?n = d — 1, it is a top {0,d{d — l))-form. We can move to the left and 


E''••'I I-n IE ) n I I-rfd®! 


I a=l 


i=l 


cc=l 

^d-1 


i=l 
d / d—1 


= ± (y(l)py(2)p...py(rf-l)p j p ^ = O' 


d-1 


1 - 


1 (1=1 


!=1 \a=l 


a=l \!=1 


This proves the claim. 

Claim, lim Wp^ (^’(e, L)^, Aq, ■ ■ ■ , Am) exists ifm > d. 


We use the coordinates above. Let = nf=i The graph 

integral can be written as 


Wr,„(P(6,L)0 Ao,--- ,A^) 


=/cP"“'“7(c.r(n'^"“'->)n 


\ d dh 


/ oc=l 


(4714)" 


E — 


( 1 ) 


cc=l 

^ (a) 

- E |a)W|2/4I„-| E iy<")|V4tm+i .• j 

__ g „=1 „=1 ^!r--!m+i 

fm fm+1 


where O'l "'ni+i's are compactly supported functions on (C‘^)’". Using integration by 

-(a) 

parts (or Wick's theorem), the factor becomes holomorphic derivative acting on O 
whose coefficients are uniformly bounded for t/s (see [bill]). For example. 


. . ZD« 

4fi 


tad 


8.™ - E 


,(«) 


^ fl + ■ ■ ■ + tm+1 




Therefore to prove the existence of limit e —?■ 0, we only need to prove the convergence 
of the integral 




m+l 

n 


a=l 



m , . m . . 

dta - E E i<;W|U4Wi 

- 0 a=l «=! 

(4/14)'^ 
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Performing the Gaussian integral on we find (up to a constant) 

_ 1 _ 

IJi Jo 


m+l f-L 

=ni 

a=l 


L -1 .-1 


m+l 


1 ■ ' ' ^m +1 ^ 

a=l 


dta 


m+l 
471 £ G 

a—l 


m+l „L 

- ^ n / 


fl:=l ® (fl ■ ■ ■ fm+l) 


ti/(m+l) 


< 00 


since d/[m + 1) < 1. This proves the claim. 

The lemma follows from the above two claims. 


□ 


7.2.2. Quantum master equation and anomaly cancellation. The vanishing of the counter 
terms implies that we can define the naive quantization for (^, h,n) — (0,2,0) by 

fo,2,o[i'] = lim Wr (p{€, L)*" + P{e, L)‘^, fo,i,o + ^o,i,i) 

f: annulus 


Let 

0[L] = QJo, 2 ,o[h] + {Ioxo[Pik, 2 ,o[P]}L + I + A?'“fo,i,o[h]. 

By [Cosll], 0[L] satisfies a version of classical renormalization group flow equation, 
and 

O = lim 0[L] 

L^O 

exists as a local functional. This is the annulus anomaly for the quantum master equa¬ 
tion at {g,h,n) = (0,2,0). The main result in this section is the following 

7.2.2 Theorem. Under a suitable rescaling ofloxi by a nonzero constant, the annulus anom¬ 
aly O vanishes. 

If follows that O [L] =0 and the quantum master equation at Io,2,o [L] holds. 

7.2.3 Lemma, lim {Jo,i,o[l-]/Jo, 2 ,o[L]}° = 0 

Proof. This follows from Lemma 7.2.1 that lim Jq 2 o [h] — 0. □ 

L^O ' ' 
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We will let 

0,[L] = 1 {Jo44[L],7o,uH}f. Oo[L] = QJo,2,o[L] + 

7.2.4 Lemma. Oc = Hm Oc [L] exists, and is given by 

Oc = 2 {^0,1,1/ ^0,141*' 

Explicitly, we have 

Oc{Aq, Ai, ■ ■ ■ , Aj.; ■ ■ ■ , B^) = ±Ci f {Aq A dAi A • • ■ BA^) A A • • • A 3B^) 

Jc‘‘ 

for two cyclic tensors {A;}, {By} o/Qc'*(C‘^). Here Q is a nonzero constant which only 
depends on the dimension d. 

Proof. The closed string BV bracket {—, — }^ is represented by the kernel of the op¬ 
erator 3 : PV(X) —> PV(X), which is (3 (8) l)doiag where Suiag is the (i-current on the 
diagonal of X x X, viewed as a pol}rvector field via the isomorphism between forms 
and polyvector fields. In particular, it only involves the component f^PV(X) of the 
full closed string fields PV(X)[[f]]. For p E PV(X), 

Jo 11 (w. A) = c [ Tr(A A 3A A • • • A 3A) A (u h Ox)- 
' ' Jx 

It follows that {Jo 4 ,i/ represents the functional 

A^c f Tr(A A 3A A • • • A 3A) A Tr(3A A • • • A 3A). 

Jx 

The lemma follows immediately □ 

We are left to analyze the local functional Oo = hrn O,, [l] • Using the relation [Q, P{e,L)^] 
, we find that Oo [L] is given by the following two types of Feynman diagrams 
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The second graph vanishes under L —> 0. The nontrivial contribution to the local 
obstruction comes from the following wheel diagram with m + 1 vertices {tn > dhy 
degree reasons. See the proof of Lemma 7.2.1). 



We put fC® on one edge and P(e, L)® on the other edges, and consider the following 
graph integral 


WrjKO,P(e,Lf,Aor--,A^)= [ 



a.=l 


where we have kept the same notations as in the proof of Lemma 7.2.1, and 
denotes the corresponding BV kernel connecting the vertices and 

7.2.5 Lemma. Let ^ be a smooth function on with compact support, where m > d. 

Let W (e, L) be the integral 


W{e,L) 



m 


n 

cc=l 



e “=i 


where I < ii, ■ ■ ■ ,im < n. Then W(0, L) = lim W {e, L) exists, and 

e —>0 

lim W(0,L) = 0. 

L—>0 
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Proof. We consider the change of variables 

- z^, 1 < a < m. 

Then 


•,{«) ' 


We define the holomorphic derivative 


1 4ffl. 
, cc=l “ 






- 


“'// C + fl + --- + f„ 


Then integration parts gives 

I / tn 


W{e,L) 


(4716)“^ 


n / dV) n 


m rL 




Since the dependence of H 9* («>, ^ on is uniformly bounded, we have 


CC—l 


|W(c,L)| < 


C 


(47re)‘^ 


n n 


m rL 


df,v 


Y, |i»^‘*^P/4ta; —- 


(4714)“= 


where C is a constant which depends only on O. Performing the Gaussian integral on 
a;('*)'s, we find 


|W(e,L)| < 


C 


m pL 


n 


df/V 


= C 

< C 


(4716)“^ \fJiJe (47rG)M 

V etrt„ 

df 2""" df^ 


'[dL]"- (47r)‘^(e + fi + --- + f^)" 
f‘ df^ ■ ■ ■ dtffi 


•^[dL]"- (471)'^ {h • 

It follows immediately that W(0, L) exists and 

lim W(0,L) =0 

L^O 


□ 
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7.2.6 Corollary. Ifm>d, then 

\im\im Wt^{K° , P{e, L)°, Aq, ■ • • ,Am) = 0 

L^Oe^O 

This implies that the local functional Og has precisely d + 1 inputs. Now we com¬ 
pute the case for m = d. 

1.1.1 Lemma. V^hen m = d,we have 

hm Wr„ (fCO P(e, L)®, Aq, • • ■ , = C / Aq A aAi A ■ ■ ■ A aA^ 

where C is a non-zero constant which only depends on d. In particular, it doesn't depend on L 
and survives in the L ^ 0 limit. 
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where O is a compactly supported smooth function on arising from A/s. Let 


us introduce the matrix M, 


afi 


d 

E 


d 

I 

a :=1 


^ ^ I+ • • • + I 


where = X] M depends on fa and e. We still denote the holomor- 


phic derivative 


i=l 


_ r ^ ^ ZS 

O (*) = -^- — o...(«) — 


.W 


f/v 


C + fl + • • • + I'd 


where M ^ is the inverse matrix of M. Then integration by parts gives 


I a=l ■ 


(4714)“ 




C/--- dd 


va=l 


To compute the c —f 0 limit, we introduce a cut-off function 

» = pfEk"f 

\a=l 

where p{x) is a smooth non-negative function for x > 0 such that 
p(x) = 1,if 0 < X < 4 p(x) = 0,if X > 
where ^ is a small enough positive number. It is easy to see that 


lim lim W(e,L) = lim lim --^ 

L^Oe^O L^Oe^O (4716)“ 



E ' 

h,---Ad 



— E |i»^‘*^P/44--|a;P)H-|-i»^‘^^P/4e 

e “=i 


This expression allows us to use Wick's theorem to approximate the c —> 0 limit. The 
leading term is 
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— / 

(4716)“^ JC‘‘ 

d 

r, 

led 


, If; 
a=l 


— £ —-|^/4e 

e *=1 


mi = ---=mj=0 

c/-;U \«==i '“ y 


det 


'm;/' 




nLd“«-'*'Un'' 


E 

a6=l 




va=l ' 


(4714)'= 


E ^OL 

Using det(Mfl.fi) = —ir^/ we can integrate out zvi, ■ ■ ■ ,zv„ and get 

e n 4 

a=l 






zv 

;a=l '* 


edti ■ ■ ■ dU 


(e + 4 + --- + 4) 


d+l 


We integrate over t/s. Under the limit e —> 0, it is proportional to 


IC‘‘ 




w] 


wi=---=w„=0 


If we get back A/s, we find 

C f Ao{y,y) A dAi{y,y) A • • • A dAd{y,y) 
JC‘‘ 

where C is a non-zero constant which only depends on d. 

Now we consider higher order terms. It is of the following form 


U{e,L) 


{AneY \^JqJc‘> 




;a = l ' 


(4714)" 


— E |if^‘“^P/44 —|a;P)-|-hif^‘*^P/4e 

e *=i 


E ^h,-,id fn n^iw^ 


hr--dd 


a=l 


dz-kh -w'- w'- / J. J- zvr 

Ik Ik / «=! '« 


Wi=---='Wii=0 


for some ock, ^k,ikr 1 < k < N. Note that 


4f/i 


M^} = taSocS -^- 

e + h^ -h f„ 


therefore 
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It follows that 



for some constant C. In particular, 

lim lim U{e,L) =0. 

The lemma now follows. □ 

Now we have all the necessary ingredients to compute the local obstruction Og 
7.2.8 Lemma. Given two cyclic tensors {A,}, {Bj} o/Qc'*(C‘^), we have 

Oo{Ao,Ai, ■ ■ ■ , ■ ■ ■ ,3^) = ±€2 [ (Aq A 9Ai A • ■ ■ 9Ajt) A (9Bjc+i A • • • A dB„) 

JC‘‘ 

Here C 2 is a nonzero constant which only depends on the dimension d. 

Proof. The two cyclic tensors are two sides of the wheel diagram 
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The lemma follows from Corollary 7.2.6 and Lemma 7.2.7. □ 

Therefore the total anomaly is 

O = Oc + Oq. 

Oc and Oo differ by the term 

f Tr(A A ATr(l). 

If we work with the quantum theory modulo N, then Oc and Oo are equal up to a 
nonzero constant. Recall the classical master equation 

Qh,i,o + — 0 

Q^o,i,i + {^0,1,0/= 0 - 

There is a rescaling symmetry preserving the master equation 

t ^ S C*, 

which results in the rescaling of the anomaly 

O —y A^Oc “1“ Oo- 

Therefore under a suitable rescaling of by a nonzero constant, 0 = 0. This rescal¬ 
ing constant is uniquely fixed (up to ±) by the annulus anomaly cancellation condi¬ 
tion. Theorem 7.2.2 is proved. 

8. Classical BCOV interaction 

The quantum open-closed BCOV theory we constructed in this paper in particular 
includes a classical BCOV interaction, defined by 

Io,0,n — lim Io,0,n [b]. 

L^O 

The fact that fo,o,« [b] satisfies the purely closed string classical RG flow and equation 
implies that this limit exists and is a local functional. We let 

^ 0 , 0 ,* (a) = 

n>3 

The master equation for Jo,o,n [b] implies that Jo,o,* satisfies the classical master equa¬ 
tion. 
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In [CL12] we described a classical interaction for BCOV theory on any Calabi-Yau X. 
Let us call this classical interaction /. It is defined as follows. If a G PV*'*(C‘^)[[f]][2], 
let Ajt denote the coefficient of Then, we set 

Ini^) — YL / ^ki A • • • A 

with ^ki=n—3 

where the combinatorial constant Ck^,...,kn can be defined by 



We then define the interaction / by saying that 

/(a) = YYlnioi)- 

n>3 

One can check [CL12] that /(a) satisfies the classical master equation. In particular, it 
defines a Loo structure 

l„ : (PV(C‘^)[[f]])®" ^ PV(C‘^)[[f]] 

where Q + {/,—}'' is the corresponding Chevalley-Eilenberg differential. Such de¬ 
fined Loo-structure is Loo-equivalent to the standard dg Lie algebra structure on PV ) [ [f ] ] 

via the nonlinear transformation 

PV(C‘^)[[d]] ^ PV(C‘^)[[f]], fi ^ 7r+(fef'/' - t). 

Here 7r+ : PV(C^)((f)) —> PV(C‘^)[[f]] is the projection by picking up the non-negative 
powers of t. 

In the introduction we made the following conjecture. 

Conjecture. The functionals J and Jo,o,* atc equivalent solutions to the classical master equa¬ 
tion. 

Let us now prove the result we stated in the introduction: 

8.0.9 Proposition. This conjecture implies the holomorphic analog of Willwacher-Calaque's 
refinement of Kontsevich's formality theorem. 

Sketch of proof of the proposition. The functionals I and / each define an Loo-structure on 
the space PV(C‘^)[[f]][l], with the feature that a solution to the equations of motion 
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is a Maurer-Cartan element in this Loo algebra structure. For both I and }, the Loo 
structures are local, meaning that the maps 

l„ : (PV(C‘^)[[t]])®” ^ PV(C‘^)[[t]] 

are multi-differential operators. 

Further, the operations fo,i,n [h] satisfy a classical renormalization group equation, 
and so have an L —> 0 limit which is a local functional which we call Let us 

further refine this functional, and let fo,(i|ic),n denote the component coming from discs 
with k marked points on the boundary and n on the interior. 

The local functional fo,(i|)c),n defines a multi-differential operator 

(pV(C‘^)[[f]][2])*” X ^ qOa(C‘^) 


The Loo structure associated to /, hence I, is equivalent to the standard one, with the 
only non-zero higher bracket being I 2 which is the Schouten bracket. The content 
of the proposition is the statement that the Loo structure associated to I is equivalent 
to the Loo structure on cyclic cochains, which is in fact realized by the Loo-morphism 

h,l,n- 


□ 


Next, we will prove the following lemma, stated in the introduction. 

8.0.10 Lemma. fo,o,3 /s define equivalent solutions of the classical master equation mod¬ 
ulo quartic terms. 


Proof. fo,o ,3 is holomorphically translation invariant, SU{d) invariant, and of weight 
2d under the action of the which scales C'^. We will use these facts to constrain the 
form of Jo,o, 3 - 

The classical master equation modulo quartic terms simply says that Io,o ,3 is a closed 
element of the complex of local functionals, equipped with the differential coming 
from the linear differential on the fields of BCOV theory. 
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The arguments we used earlier allow us to express the relevant cohomology group 
in terms of jets of holomorphic polyvector fields. We have 

/o(PV[[f]][2])=C[[z,v3,vf]][2] 

where the variables 9, have degree 1 and t has degree 2. The differential is as usual td. 
LetD„=C||-| be the algebra of constant-coefficient differential operators. Then, the 
dual to jets of polyvector fields is 

/o(PV[[f]][2])V = Doh-,ri][-2] 

where the variables a, are dual to 9, and have degree —1, and has degree —2. 

The differential on the dual is the operator cci^t. Under the action of U{d), the a, 
transform as covectors dz„ so that the algebra generated by the a, is that of constant- 
coefficient differential forms. 

The complex where possible interactions fo,o ,3 live is 

Qj'0<Sym3(/o(PV[[f]])V)[-d] 

where the cohomological shift is so that Jo,o ,3 is of degree zero. Here Qq'^ refers to the 
fibre at 0 of the bundle of {d, 0) forms. 

Let us ignore, for now, the internal differential on /o (PV [ [f] ]). Note that Sym^ (/o (PV [ [f] ]) '^) 
is flat as a Dq module. So we can take the actual tensor product instead of the derived 
one. Let us also, for now, investigate the tensor cube rather than the symmetric cube, 
and we will take symmetric invariants at the end. 

We find, after these considerations, that we are looking at 

<8)Do f [—d] = (8)c C[a,, f (8)c f [~d-]- 

Now, the cij have weight +1 under the action of C U{d), and we are interested in 
something of total weight 2d. Since the dzi... dz^^ G Qq'*^ has weight d and elements in 
Do all have non-positive weights, this means we must have at least d a,'s. Now, if we 
have more than d a,'s, then we are pushed into negative cohomological degree. It fol¬ 
lows that we must have precisely d a,'s. Further, cohomological degree consideration 
tells us that the only powers of that appear is = 1. 

Next, SU{d) invariance tells us that the only possibilities are of the form 

Hci,C2,C3 = ^ ® 

\h\=ci, \I2\=C2, IhNca 
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Here {Ji, h, h} is a partition of {1,, d} and oci means Il/ei 
As a functional on PVc(C'^) [[f]], f/ci,c 2 ,c 3 sends a field 

= Y ^^4 

where G PV^'*(C'^) to 

J{oiQ(x!QOiQ h Q) A Q, Q = dzi • • • dzd- 
Let us call this functional Pci, 02 , 03 - Our action functional fo,o ,3 must be a sum 

fo,0,3 = Yj ^':i,C2,C3Pci/0/C3 

Cl,C2,C3 

for some constants Acj,c 2 ,c 3 - It remains to show that these constants are all 1. 

To check this, note that Io,o ,3 defines a bracket on PV(C^) with the feature that the 
Maurer-Cartan equation for this bracket is the equations of motion. Let us call this 
— } 7 qq 3 . Explicitly, this bracket is of the form 

where is the component in PV'^^'* and similarly for and } is the Schouten 
bracket. 

Now, at the cohomological level, the argument in the proof of proposition 8.0.10 
tells us that this must be Lie bracket on the cyclic cohomology of Q'^'*(C^). The 
Hochschild-Kostant-Rosenberg theorem then tells us that the bracket {—/ — }ioo 3 must 
be (at the cohomological level) the usual Schouten bracket, and this fixes all the con¬ 
stants Aci,c2,c3 • □ 


9. (1,0) BCOV THEORY 

In the introduction we described a variant of BCOV theory which we call (1,0) 
BCOV theory. Let us recall the definition and explain how the techniques we have 
developed so far allow us to quantize this theory on a variety of Calabi-Yau 3-folds. 

The fields of (1,0) BCOV theory on a Calabi-Yau 3-fold X form the complex 

Q°'*(X, TX)[1] ©Q°'*(X) 
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with differential 9 + td, where 

a : Q°'*(X,TX) ^ Q°'*(X) 

is the holomorphic divergence map. We can view this complex of fields as the sub¬ 
space 

PV^'*(X)[1] ©fPV°'*(X) C PV*'*(X)[[f]][2] 

of the fields of BCOV theory. 

This theory is a degenerate theory in the BV formalism, just like ordinary BCOV 
theory. Therefore, instead of writing down a quadratic interaction we will write down 
a kernel describing the BV anti-bracket. This, together with the differential in the 
complex of fields, allows us to construct such things as the propagator and to quantize 
the theory. 

In ordinary BCOV theory on a CY 3-fold X, the kernel for the BV bracket is (3 O 
^)^Diag where Suiag is the (i-current on the diagonal of X x X, viewed as a polyvector 
field via the isomorphism between forms and pol}wector fields. This kernel tt is a sum 
of the form 

^ = E 

j+l=3 i+k=2 

where 

To get the kernel for the (1,0) BCOV theory, we simply take the components of this 
kernel which are of type (1,/) x (1, /) where j + I = 3. 

In a similar way, the closed string propagator P{e,L)^ and regularized BV kernel 
AE are the projections of those for the full BCOV theory onto pol}wector fields of type 

(I.*)- 

This theory couples to holomorphic Chern-Simons for the group s[(N | N) via an 
interaction we call as before. This interaction is simply the restriction of the in¬ 
teraction between the fields of the full BCOV theory with holomorphic Chern-Simons 
to those fields which are in the subspace consisting of the fields of (1,0) BCOV theory. 
One can check, from our earlier formula for that if ^ G Q®'* (X, TX), (p G 0*^'* (X), 
and A G Q0'*(X)Os[(N | N) 

+ p + A) = ^ f Tr(A9A) A (/I h Q) -|- 5 Tr(A^) A (^Q. 

J X 
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In other words, we have the holomorphic Chern-Simons action for the complex struc¬ 
ture deformed by with volume form scaled by (p. 

We can define, exactly as before, the notion of quantization of the theory coupling 
(1,0) BCOV theory to s[(N | N) holomorphic Chern-Simons, in a way compatible 
with the inclusion maps s[(N | N) 5l{N + k \ N + k). Let us refer to this simply as 
open-closed (1,0) BCOV theory 

Let us now explain the analogs of our theorems A and B from earlier, concerning 
cohomological cancellation for quantization beyond the annulus level and the annulus 
anomaly cancellation. 

Let X be a conical Calabi-Yau, meaning that there is a C ^ action on X which scales 
the holomorphic volume form by some positive weight w. As before, let ^<(G,R)(X) 
and (x) refer to the simplicial sets for quantizing the theory up to level (G, R), 

in a way compatible with the C ^ action on the conical Calabi-Yau. 

9.0.11 Theorem. (1) For any Calabi-Yau 3-fold X, IfR > 1 then the may ^^(G.R) (^x) —> 
^<{g,r) (-x) ig a weak equivalence of simplicial sets. 

(2) Let X be a conical Calabi-Yau manifold. Further, let us assume that ^x) (ind 

Hi(X, ^x) spanned by elements of non-negative weight under the C^ action. 
(This happens, for instance, if X is the total space of the canonical bundle over a com¬ 
plex surface where the C^ action scales the fibres of the canonical bundle). 

Then iflG — 2 + R>0the map 

^<(G,R)|-x) ^<{G,R) 

is a weak equivalence of simplicial sets. 

(3) If we consider holomorphically translation invariant theories on C^, then iflG — 2-\- 
R > 0 the map 

^<(G,R)('(p3) ^ ^<{GA)(X) 

is a weak equivalence. The same result holds when we consider theories on Y x 
where Y is a Calabi-Yau (3 — d)-fold and we ask for quantizations which are holomor¬ 
phically translation invariant in the factor. 

9.0.12 Theorem. For any Calabi-Yau manifold X, there is a unique quantization of open- 
closed (1,0) BCOV theory to the annulus level. 
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9.0.13 Corollary. For any conical Calabi-Yau manifold satisfying the conditions stated above, 
there is a unique quantization of (1,0) open-closed BCOV theory. In particular, this leads 
to a quantization of (1,0) BCOV theory. The same holds for holomorphically translation 
invariant on or theories onY x C‘^ which are holomorphically translation invariant in the 
C‘^ direction. 

9.0.14 Corollary. There is a unique quantization of open-closed (1,0) BCOV theory on any 
Calabi-Yau X at genus 0, i.e. in the planar limit. 

Proof of 9.0.11. The proof is very much along the lines of the proof of theorem 6.0.10. In 
particular, the obstruction-deformation complex can be expressed in terms of certain 
D-modules. The D-module of jets of closed-string fields in this case is the jets of the 
complex of fields of (1,0) BCOV theory. This complex is equivalent to the complex 

Q2'*(X)[1] a - f2q*'*(X)[3], 

which is the cochain level version of in the Hodge filtration. The differential is 3 -|- 3. 
Locally, the cohomology of this complex consists of closed holomorphic 2-forms on X. 
Thus, from the closed string sector jets of fields are (X) [3] and functionals on 

the jets of fields are 

^(/F^Q*'* [3]) 

where ^ refers to functionals modulo constants, and we are tensoring over all differ¬ 
ential operators (not just holomorphic ones). 

For the open string sector, we can use the argument from before to express possi¬ 
ble admissible local functionals in terms of functions on the cyclic homology of jets of 
q0,*(x) (shiftedby [1]). The cyclic homology of }C1^’*(X) is the complex /Q^*'*(X)[f^^] 
with differential td. There is a direct summand in this consisting of (X), and this 
corresponds to the part of the Lie algebra homology of /Q°'*(X) (8) gl(N | N) which 
comes from the Abelian sub-algebra consisting of JC1^'*(X) O Id. It follows that the 
variant of cyclic homology we need to take which describes sl(N | N) Lie algebra ho¬ 
mology is simply the complement of this summand. Let us call this s [-cyclic homology. 
We find that 

HQ((/n°'* (X)) [1] - ©;>i/Q'> (X) [i +1] © f-i/n-*'* (X) [f-i] [1]. 

As in the proof of theorem 6.0.10 the possible local functionals that can arise in the 
open-closed theory are described as functionals on a complex which is a direct sum 
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of this cyclic homology complex together with the jets of closed string fields, with a 
differential connecting them coming from the disk with one interior marked point. In 
sum, we find that the jet complex is described by the double complex which is the sum 
of the rows in the following table 


Sector 

closed 

closed 

open 

open 

open 

Degree 

0 

-1 

-2 

-3 

-4 

Jet complex 

/Q3'* - 

: ^ JQ2 a ^ 

- /Qh* - 




/Q 


1 * 


td 




1 ,* 


td 


jci^ 


'/* 


td 


We have included here the map from the connecting differential from the closed string 
sector to the open string sector on the third row. 

We see that all the rows of this complex are simply the de Rham complex with a 
shift, with the exception of that in the fourth row, which does not include Q^'*. 

If M denotes the complex of D-module appearing in this diagram, then our obstruction- 
deformation complex is ( 8 )d ^(M) where ^ indicates functions modulo constants 
and D is the algebra of C“ differential operators. 

Since jets of the de Rham complex is quasi-isomorphic to just the trivial D-module 
Cx (i.e. the sheaf of smooth functions with its trivial flat connection) we find that there 
is a quasi-isomorphism 

Introduce variables C 3 , ey, £9 ... where £i is of degree i. Then, we find that 
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q3'3 ^(M) = Q3'3 { (Sym>0(/Q^2,*)V[_5]^ [C3,e7,e9 • • • ]} 

©Q^'^ ©^5 Cf ©c (C[c3,e7,e9---]/C). 
We can compute the relevant tensor products over D. First we have 

~ Q*'*(X)[ 6 ]. 

We also have 

Q3'3©d ~ Q^^'*(x)[6]. 

After all, the complex on the left hand side is a way of writing linear local functionals 
of Q-^'*(X), and of course every local functional is given by integrating against an 
element of Q-^'*(X). 

Note that the cohomology of the truncated de Rham complex Q-^'*(X)[1] is the 
cohomology of X with coefficients in the sheaf of closed holomorphic 1-forms, so we 
will refer to it as H* (X, Therefore 

For the cohomology of ©d Sym*^ [~5]), we need a lemma. 

9.0.15 Lemma. Ifk>l then 

H‘ ©d Sym*^ {}Cl^^'*y[-5])^ 

is zero if i < 2 . 

Proof. There is a short exact sequence of D-modules 

0 ^ /q3'*[2] ^ /Q*'*[5] ^ ^ 0. 

Applying this short exact sequence yields a spectral sequences converging to the co¬ 
homology groups we are computing whose first term involves replacing [5] by 

/Q*'*[5] © /Q^'*[3]. As above, the cohomology of jets of the de Rham complex is just 
the trivial D-module C“, but now situated in degree —5. The cohomology sheaves of 
the dual of [3] is the D-module Dhoi of smooth sections of the bundle of holomor¬ 

phic differential operators, situated in degree 3. 

The functor which sends a D-module M to ©J 3 M can be modelled by the de 
Rham complex of X with coefficients in M[ 6 ]. So if M is in degree k this functor yields 
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something concentrated in degrees between k and k — 6. If k > 7 then we find nothing 
in degrees < 1. 

Now, the higher symmetric powers of C“ [—5] 0 D^oi [—3] has summands in degrees 

6,8,_Only the term in degree 6, namely can possibly contribute. However, 

is a summand of and the sheaf 0d has cohomology in degrees 
> — 3. Since we are shifting up by 6, we find no cohomology in degrees <1. □ 

Putting this together tells us that our obstruction-deformation complex has coho¬ 
mology: 

H* (q3'3 0d ^(M)) = (X) [6] 0 (C[£3, £7,... ] /C) 

©H*(X,Q,V/)[£3,£7,...,] 

0 things in degree 2 and higher. 

Since d = 3, the relevant pieces to our computation are in degrees < 1. We have 

H'(q3'3 0d ^(M)) = H3+'(X)£3 if z < 0. 

H0(Q3'3 0d ^(M)) = H3(X)£3 0 

h1(q3'3 0d ^(M)) = H\X)e3 0 h0(X)£7 0 h 1(X, Oj, 

Note that all of these cohomology groups are built from functionals which are in the 
first symmetric power of the dual of our D-module of jets. This means they correspond 
either to functionals which are linear of the closed string fields and independent of the 
open string fields, or to functionals which do not depend on the closed string fields 
but which are single-trace on the open string fields. 

This implies that the map =^-(^'^)(X) —)> is a weak equivalence if R > 1, 

for any X. 

Next, let us see what happens if X = and we consider holomorphically transla¬ 
tion invariant quantizations. In this case, our discussion in the proof of theorem 6.2.3 
tells us that we should replace the D-module M by its fibre M at 0, which we call Mq; 
and the algebra D of differential operators by the algebra = C[^] of constant- 
coefficient holomorphic differential operators. The obstruction-deformation complex 
is 

of ^(Mo)[3]. 
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The arguments described above that calculate the cohomology of the D-module M 
also calculate that of the Dg^^-module Mq. We find that we should replace every oc¬ 
currence of the cohomology of X by the algebra Qq'° = C [dz,] of holomorphic dif¬ 
ferential forms with constant coefficients, and every occurrence of the cohomology of 
X with coefficients in by the complex = dz,C[dZf] [1], of holomorphic 

differential forms of degree 1 and higher, with grading such that i forms are in degree 
i-1. 

So we find that the obstruction-deformation complex for holomorphic translation 
invariant quantizations on has cohomology groups: 

^(Mo)[ 3]) = Q^+''°e3 if / < 0 

h0(q3'0 ^(Mo)[ 3]) = Cdzidz2dz3C3 © 

^(Mo)[3]) = Cc7 © of. 

If we also ask for SLf (3)-invariants we find 

H-3(Qf ^(Mo)[ 3])S^(3) = Ce3 

H'(Qf ^(Mo)[ 3])S^(3) = 0 if / = -1, -2 

H0(Qf ^(Mo)[3])S^(3) ^ Cdzidz2dz3e3 

Hi(Qf ^(Mo)[3])S^(3) ^ ^£7. 

That is, in this case there is a single possible obstruction, a single possible deformation, 
and no symmetries. 

Let's now discuss the possible deformations and obstructions explicitly We will do 
this in the case of a general Calabi-Yau, but the same formulae apply to the holomor- 
phically translation invariant situation on C^. 

(1) A class a G H^(X) gives a deformation. Let us write explicitly the corre¬ 
sponding Lagrangian of the theory. Choose a cochain representative of a as 
a sum of (/,/) forms Let A G Q®'* (X) (S> sl(N | N) be an open string field, 
V G Cl^'*{X,TX) and (p G Q°'*(X) be the closed string fields. The deformation 
is by the Lagrangian 

J TrA^ + l Tr + lj Jr AdA + J \-O.) + J 
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The terms coming from and ol^'^ are simply the deformation of the holo- 
morphic Chern-Simons functional when we change the complex structure and 
holomorphic volume form. In the holomorphically translation invariant case 
on C^, oc is of course of type (z, 0). 

(2) Similarly, a class oc G H'(X)c 3 gives an anomaly if z = 4 and a symmetry if 
z = 2. These are represented by Lagrangians of cohomological degree 1 and 
— 1 respectively If we expand, as above, a cochain representative of oc in terms 
of (p, zj)-forms ocP'‘^ where p + q = i, the corresponding Lagrangian is 

J oc^’^-^ (^1 TrA^ + l TrsAdA^ + I J cc^'^-^TrAdA + J Cl) + J 

Note that if z = 2 then the first term does not appear and if z = 4 the last term 
does not appear. 

(3) A closed holomorphic (l,0)-form /I G H°(X, hoi) gives rise to a deforma¬ 
tion. This is the functional 

A ^ y" j6Tr (A(9A)2) . 

This functional is the variation in the holomorphic Chern-Simons functional as 
we make X non-commutative in a way coming form the holomorphic bi-vector 
whose contraction with Q is /3. 

(4) A class ^ G H\X,CiIj hoi ) gives a potential anomaly. If, at the cochain level, we 
write j6 as a sum of and then the functional is of the form 

A ^ Cl y |6^'^Tr (A(9A)2) + C 2 J {A^dA) + C 3 J ^^'^Tr{A^dA). 

This is the functional _j_ where we think of as a pol}zvec- 

tor field in PV^'^ and as in PV^'°, and where indicates the interaction 

for the full BCOV theory corresponding to a disk with a single marked point 
in the interior. 

(5) The class le 7 G H°(X)e 7 gives a potential anomaly of the form 

yTr(A(aA)3). 

If X is a conical Calabi-Yau, then we can analyze how these functionals scale when we 
scale our fields using the C ^ action on X and use this analysis to complete the proof of 
the theorem. We will scale pol}zvector fields using the natural scaling on the de Rham 
complex and the isomorphism between polyvector fields and the de Rham complex. If 
we do this, then we find that the functionals corresponding to classes in H* (X) and in 
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scale according to the natural action of C ^ on these cohomology groups. 
Note that acts trivially on H* (X) but possibly non-trivially on H* {X, 

The axiom of compatibility with the scaling action tells the obstruction-deformation 
group controlling lifts from to consists of Lagrangians of 

weight (— 2G-I-2 — R)?x;, where zv is the weight of the holomorphic volume form on 
X under scaling. To prove our theorem, we need to show that there are no elements 
in the obstruction-deformation complex of negative weight. Elements in this complex 
which come from de Rham cohomology of X are of weight zero, so don't contribute. 
It suffices to show that elements coming from H* (X, also don't contribute. 

The short exact sequence 

0 —> C —> > ^d,hoi 0 

leads to a long exact sequence of the form 

(t) • ■ • ^ H'(X, ^x) ^ ^ H'+i(X) ^ ... 

and the maps in the exact sequence commute with the C ^ action on everything. Since 
everything in (X) is C ^-invariant, any elements of (X, which are not 

invariant come from ^x)- In the statement of our theorem, we assume that 

every element of H^{X, ^x) and H^{X, ^x) is of non-negative weight under the en¬ 
action, so that it can not contribute to the obstruction-deformation group, thus com¬ 
pleting the proof of the theorem. 

Next, let us discuss the holomorphically translation invariant case on C^. In this 
case, once we also impose SLf(3)-invariance, all possible obstructions and also higher 
symmetries (coming in this case from of the obstruction-deformation complex) 
are scale invariant. The one possible deformation - corresponding to the Lagrangian 
f dzidzidzs Tr - has positive weight, so also can not contribute. The result follows. 

Finally let us discuss the case of a Calabi-Yau of the form Y x C'^, where Y is a 
Calabi-Yau of dimension 3 — d. In this case we are interested in quantizations which 
are holomorphically translation-invariant in the directions, and also satisfying the 
scaling axiom with respect to scaling of A small variant of the arguments dis¬ 
cussed above shows that, in the obstruction-deformation complex, there is nothing of 
negative weight, so again the result follows. 


□ 



QUANTIZATION OF OPEN-CLOSED BCOV THEORY-I 


97 


Now we will prove theorem 9.0.12, which we restate now for convenience. 

Theorem. For any Calabi-Yau manifold X of dimension 3, there is a unique quantization of 
open-closed BCOV theory to the annulus level. 


Proof. The strategy is the following. We will start by examining the cohomology 
groups containing potential obstructions and deformations at the annulus level. We 
will find that for any Calabi-Yau, there are no possible deformations but there might 
be obstructions. Next, we will see that to show the obstruction vanishes it suffices to 
show it locally on X. This reduces the problem to the case of C^, where we can apply 
a variant of the annulus anomaly cancellation argument for the full BCOV theory. 

The cohomology calculation we start with is almost identical to that of proposi¬ 
tion 7.0.1 where we analyzed the corresponding groups for qI{N | N) holomorphic 
Chern-Simons. The cohomology group we are computing is described in terms of the 
s[-version of the cyclic homology of jets of functions on X. Recall that the si cyclic 
homology is 

HC,((/Q°'*(X)) [1] = ©,>i/Q'> (X) [i +1] © f-i/n-*'*(X) [f-i] [1] 

with a differential which is the jet of 9 + td. We will denote this D-module (in the 
model used on the right hand side) by M. There is a filtration on M by the powers 
of t occurring, whose associated graded is the same object with differential d. Let us 
denote the associated graded by M'. 


The obstruction-deformation complex is global sections of the sheaf of complexes 
on X 


©D Sym^ M'^. 


We will first show that global sections of this has no cohomology in degrees < 0. 


There is a spectral sequence converging to this cohomology whose first page is the 
cohomology of 


n^'^©DSym2(M')^. 


Now, 

(My = ei>,(0'T[-i -1] © f(/Q°'*)''[[f]][-l] 


where t has degree 2. Thus, (M')^ is a direct sum of D-modules of the form (JCl^'*)'^ [—r] 
where the shift is by r > 2. The cohomology of (JCl^'*)^ is the bundle whose holo¬ 
morphic differential operators from holomorphic /c-forms to G. Call this bundle 
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We thus find 

~ - 1] © fDiff;,„,(^,^)[[f]][-l]. 

A holomorphic D-module is a (possibly infinite rank) holomorphic bundle with 
a flat holomorphic connection, and so is in particular a C“ D-module. The C“ D- 
module Diff;,o/(Q', iff) arises, of course, from a holomorphic D-module of the same 
name. Further, for any holomorphic D-module V, if refers to the corresponding 
C“ D-module, then there is a quasi-isomorphism of sheaves 

Applying this to our situation, we find that 

Sym2('H*((M')^)[3] Sym2(M')^ 

where Ti* ((M') ^) refers to the cohomology sheaves, which are holomorphic D-modules. 

Now, the D;,o/-modules Diff;,o/ © Diff;,o; are flat. It follows that Sym^ "H* ((M')'^) 

is a flat D;,o/-module, and that there is a quasi-isomorphism 

nL©D„„,Sym2(7^*((M')^)[3] ®\,SyTa\M')\ 

Since the cohomology sheaves of Sym^(M')^ are in degrees 4 and higher, we find that 
the sheaf on the left hand side of this equation has cohomology sheaves in degrees 1 
and higher. This proves that there is no ambiguity in quantizing open-closed (1,0)- 
BCOV theory on X to the annulus level (although there might be an anomaly). 

The only possible contribution to the group controlling anomalies comes from the 
piece of Sym^('H*((M')^) in degree 4, which is Sym^Diff;,o/(Q^, ff). We find that 

Hi(X,Q3'3©DSym2(M')'') = HO(X,q3,, Sym^ DUhoi {Ci\ ff)). 

Since we have a spectral sequence converging to our anomaly group from the group 
in the displayed equation, we have 

h1(X,q3'3 ©d Sym^M"") C Sym^Dif4 „,(q1, ff)). 

(On the left hand side of this is the group containing possible anomalies). 


Next, we will show that for any D C X, the map 

H\X, ©D Sym^ ) ^ (D, ©d Sym^ ) 
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given by restricting an anomaly to U is injective. To show this, it suffices to show that 
the map 

Sym^Diff;,o/(Q\ ff)) (^Da„, Sym^Diff;,o/(Q\ ff)) 

is injective. This is immediate, since the sheaf in question is built from complex ana¬ 
lytic data. 

One of the results of [Cosll] is that anomalies are local, that is, the restriction of 
the anomaly cohomology class to some open subset Lf C X is determined by the 
restriction of the theory on X to U. To show that the annulus anomaly vanishes, we 
now need to do so on any open subset U C X, which we can take to be a polydisc. 

Further, since the annulus anomaly on a polydisc is the restriction of the annulus 
anomaly on C^, it suffices to show that the anomaly on vanishes. For this, we will 
use a variant of our argument for the full BCOV theory. 

For the full BCOV theory, we found that the open-string anomaly was of the form 

J Tr(AaA)Tr((9A)2) + J Tr ATr(aA)^ 

There, we were using g[(N | N) as our gauge group. Further, we saw that this anomaly 
cancelled with a contribution from the closed-string sector. 

Clearly the second term in this expression vanishes if we use s[(N | N). Since our 
(1,0) BCOV theory has fewer fields, it suffices to show that only the first term in the 
open-string anomaly cancels with the contribution from (1,0) BCOV theory. 

Recall that the kernel for the BV odd Poisson bracket for the full BCOV theory is 

TT = {d^l)SDiag e PV*'*(C3)§PV*'*(C3). 

Here PV indicates pol}rvector fields with distributional coefficients, and O is the com¬ 
pleted topological tensor product. We can view the right hand side of this as being 
pol}wector fields with distributional coefficients on C^ x C^. Also, Suiag is the delta- 
current on the diagonal. Normally this would be a distributional form on C^ x C^, but 
we view it as a pol}wector field using the isomorphism between forms and pol}wector 
fields. 

We let n‘'^ denote the component of this Kernel which lives in PV*' *§PV^'*. The 
kernel for the odd Poisson bracket for (1,0) BCOV theory is rc^'^. 
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The interaction for the full BCOV theory is linear in the closed string fields 

of full BCOV theory, and so can be written as a sum of terms 

jl—disk _ rl—disk 

^ ~ L-i ^i,k 

i,k>0 


where only depends on the fields in PV''*. The corresponding interaction for 

(1,0) BCOV theory is 

rl—disk, (1,0) _ rl—disk , rl—disk 

^ ~ h,o ''0,1 


Since the BV Poisson bracket only lives in the subspace of fields which have no 
powers of t, we find that the closed string BV Poisson bracket of can be written 

as a sum 


u 


1—disk jl—disk'jC 


E r rl—disk rl—disk\C 

t ';,0 ' h ',0 J 

!,;,=0...3 


= E 



I rl—disk\ 

' h'T / 


where indicates contraction between polyvector fields on C^ x C^ and elements 

of the dual space. 


Further, 


{I 


l-disk, (1,0) ^1-disk, (1,0) jC 


f rl—disk rl—disk\C 
l'l,0 ''l,0 J 


Now, depends on / + 1 open-string fields A G Q°'*(C^) O gl(N | N) and has a 

single trace. We showed in 7.2.4 that 


j^ji-disk^ji-diskjc^^j ^ J Tr(AaA)Tr(aA)2 + J Tr(A) Tr((aA)3) 


(up to some non-zero constant that can be scaled away by redefinition of the fields). 


It follows from this and from the dependence of on the open string fields that 

- J Tr(AaA) Tr(aA) 2 . 

Since this is the closed-string BV bracket of (iT) -with itself, we find that the 

closed-string annulus anomaly for (1,0) BCOV theory precisely cancels that form the 
open string sector, as desired. □ 


One question we have not yet addressed is the following. 
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Theorem. On any Calahi-Yau manifold X, the dynamically-generated classical interaction 
for (1,0) BCOV theory is equivalent to the restriction of the classical interaction o/[CL12] 
for the fidl BCOV theory to the fields of (1,0) BCOV theory. Explicitly, this interaction 
is the following. Let us denote the fields of (1,0) BCOV theory by a C PV^'*(X)[1] and 
(p G tPV^'*{X). Then the interaction is 

I{a,(p) = Y^ [ 

n>3'' 

where we are using the integration map on polyvector fields specified earlier. 

Proof. Recall that (1,0) BCOV theory can be quantized at genus 0 on any Calabi-Yau 
manifold, so that the statement makes sense. 

The argument goes as follows. First, we will show that any possible classical in¬ 
teractions on X are determined by their behaviour on an arbitrary open subset of X. 
By taking this subset to be a polydisc, and then embedding this polydisc in C^, this 
reduces us to the case X = C^. In that case, SU{3) and scale invariance, as well as 
the classical master equation, fix the form of the classical interaction uniquely up to a 
scale. This scale can be fixed using an argument similar to that given in 8.0.10. 

Let us analyze the obstruction-deformation complex controlling possibly classical 
interactions on X. As usual, this is built from jets of fields, this time of only the closed- 
string sector. These fields can be identified with the double complex 

= q2'*[1] ^ Q^'*. 

The obstruction-deformation complex is 

n^'^®D^(/(<^)) 

as usual. 

Now, the complex S of fields has cohomology the sheaf of closed holomorphic 2- 
forms, with a shift of [1]. There is a quasi-isomorphism between the sheaf of closed 
holomorphic 2-forms and the complex of sheaves 

C[2] ^ ^[1] ^ 

where C is the constant sheaf and is the sheaf of holomorphic 1-forms. Replacing 
each term in this complex by a resolution, we find that S is quasi-isomorphic to the 
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total complex of the double complex of the form 

Q*'*[3] ^ Q°'*[2] ^ Q^'*[l] 


where the first map is projection onto (0, *)-forms and the second map is the operator 

a. 


It follows that S (in this model) has a filtration whose associated graded is the direct 
sum 

Gr = Q*'* [3] © Q°'* [2] © [1]. 

This filtration leads to a convergent spectral sequence for our obstruction-deformation 
complex, where the first page of this spectral sequence is built from jets of Gr S. 

The D-module / Gr S of jets of (f is quasi-isomorphic to the direct sum 

Here C“ is the trivial D-module, and / ^hoh /^L/ refer to jets of holomorphic functions 
and one-forms. It follows that the D-module JCrS arises from a D;,o/-module. An 
argument on D;jo/-module we discussed in the proof of Theorem 9.0.11 tells us that 
for any holomorphic D-module M with associated C“ D-module we have a 

quasi-isomorphism of sheaves 

Applying this to our situation yields a quasi-isomorphism 

Sym'^j/Gr ^ Sym' (^;,o/[-3] © /<J-2] © (/QL/)^[-1]) [3]. 

Now, the dual of is D^oi, and the dual of is the space of holomorphic 

differential operators Diff;,o/(Q^, from to ^hol- It follows that the complex 
q 3,3 Q]- ^)V is a direct summand of 

{(^a+b+c=k^^^ G © Diff,„,(Qi, ^)®^[-3fl -2b-c + 3]}. 

Also, fl < 1 for symmetry reasons. We are only interested in the case when k > 3 
(corresponding to cubic and higher interactions). The D-module inside the tensor 
product is flat over D;,o/ when b + c > 1, which is automatic since k > 3. Therefore, 
we can replace the derived tensor product by the underived tensor product. 
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Each summand in the above expression is a D-module concentrated in a single de¬ 
gree, 3a + 2b + c — 3. The only summands that can contribute to cohomology in de¬ 
gree 0 occur when 3a + 2b + c — 3 < 0, which can only happen (given k > 3) when 
a = b = 0, c = 3. 

It follows from this discussion that 

(^X,Q3'3^DSym'^((K)v) =0iffc>3 
hO (x,Q3'3^DSym3((K)v) c A\Diffhoi{n\ . 

From this it follows that, for every Lf C X, the map 

(x,Q3'3^DSym'^((K)v) ^ (u, Sym'^((K)v) 

is injective when k > 3. 

Therefore, to identify our classical interaction on X, we just need to do it locally on 
X, and so on C^. 

OnC^, we are, as usual, interested in SLf (3)-invariant and holomorphically trans¬ 
lation invariant interactions. In this case, the obstruction-deformation complex is the 
SU{3) invariants in 

Do Sym^Joi^y [3] 

k>3 

where Qq'° is the fibre at zero of the bundle of (3,0) forms, Dq indicates constant- 
coefficient holomorphic differential operators, and Joi^) is the fibre at zero of the jet 
bundle. 

A variant of the above calculation tells us that of the obstruction-deformation 
complex for constructing the interaction 4 is zero if k > 3, so that we are only con¬ 
cerned with the cubic interaction. 

The argument we used in the proof of 8.0.10 shows that there is up to a scale pre¬ 
cisely one cubic interaction which is SLf (3)-invariant and of the correct scaling weight. 
Because the cohomology groups where the interactions 4 for k > 3 live are zero, there 
is (up to a scale) a single SU{3) invariant solution of the classical master equation with 
the correct scaling dimension. It follows that, up to scaling, the dynamically-generated 
classical interaction for (1,0) BCOV theory on is equivalent to this unique solution. 
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and so, up to a constant, it is equivalent to the interaction In specified in the statement 
of the theorem. 

The constant is fixed, as in the proof of 8.0.10, by the fact that at the level of co¬ 
homology we know that the Lie bracket on the closed-string fields coming from the 
classical interaction must be the standard one on divergence-free holomorphic vector 
fields. □ 
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